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Chapter 1

Transformation of random variables

1.1 Distributions of Functions of Random Variables

If X is a random variable with cdf Fx (), then any function of X, say ¢g(X), is also a random variable.
Often g(X) is of interest itself and we write Y = g(X) to denote the new random variable g(X). Since Y is
a function of X, we can describe the probabilistic behavior of Y in terms of that of X. That is, for any set
A,
P(Y € A) = P(g(X) € A),

showing that the distribution of Y depends on the functions Fx and g. Depending on the choice of g, it is
sometimes possible to obtain a tractable expression for this probability.

Formally, if we write y = g(«), the function g(z) defines a mapping from the original sample space of X,
X, to a new sample space, ), the sample space of the random variable Y. That is,

glx): X = Y.

1

We associate with g an inverse mapping, denoted by ¢g~", which is a mapping from subsets of ) to subsets

of X, and is defined by
g HA) ={r e X:g(x) € A}.

Note that the mapping ¢! takes sets into sets; that is, g~ (A) is the set of points in X that g(x) takes
into the set A. It is possible for A to be a point set, say A = {y}. Then

g {y}) ={z e X:g(x) =y}

In this case we often write g~!(y) instead of g~ ({y}). The quantity g~'(y) can still be a set, however,
if there is more than one x for which g(x) = y. If there is only one x for which g(x) = y, then g~!(y) is the
point set {r}, and we will write g~ (y) = .

Remark 1.1.1. In particular, if g is an invertible function, then the inverse map matches the definition of
inverse function.

If the random variable Y is now defined by Y = g(X), we can write for any set A C ),
P(Y € A) = P(g(X) € A)
=P({z e X:g(z) € A})
P(X € g7 (4)).

This defines the probability distribution of Y.



1.1.1 Discrete distributions

If X is a discrete random variable, then X is countable. The sample space for Y = ¢g(X) is Y ={y:y =
g(x), = € X}, which is also a countable set. Thus, Y is also a discrete random variable. From (2.1.2), the
pmf for Y is
frly) =P =y) = Z PX=x)= Z fx(x), fory e,
€9 (y) z€g~ (y)
and fy(y) = 0 for y ¢ ). In this case, finding the pmf of Y involves simply identifying g~!(y), for each
y € Y, and summing the appropriate probabilities.

Example 1.1.2 (Binomial transformation). A discrete random variable X has a binomial distribution if its
pmf is of the form

fx(z) = P(X = 2) = <Z>pw(1 —p)"T, 2 =0,1,...,n,

where n is a positive integer and 0 < p < 1. Values such as n and p that can be set to different values,
producing different probability distributions, are called parameters. Consider the random variable Y = g(X),
where g(z) = n—z; thatis, Y =n—X. Here ¥ = {0,1,...,n}and Y ={y: y = g(x), x € X} ={0,1,...,n}.
For any y € Y, n —x = g(z) = y if and only if x = n —y. Thus, g~1(y) is the single point x = n — y, and

)= > fx@

z€g~(y)

= fx(n—y)

- (Z)a —p)'p Y ((Z) - (nny))

Thus, we see that Y also has a binomial distribution, but with parameters n and 1 — p. Intuitively, X is
the number of heads, when we toss a coin with probability p getting a head n times; so Y = n — X is the
number of tails, which then is also a binomial distribution, but with parameters n and 1 — p.

1.1.2 Continuous distributions

If X and Y are continuous random variables, then in some cases it is possible to find simple formulas for the
cdf and pdf of Y in terms of the cdf and pdf of X and the function g. In the remainder of this section, we
consider some of these cases.

The cdf of Y = g(X) is

= P({z € X : g(2) < y}). (L1)

When transformations are made, it is important to keep track of the sample spaces of the random
variables; otherwise, much confusion can arise. When the transformation is from X to Y = g(X), it is most
convenient to use

X ={z: fx(x) >0} and Y={y:y=g(z) for some z € X}.

The pdf of the random variable X is positive only on the set X and is 0 elsewhere. Such a set is called
the support set of a distribution or, more informally, the support of a distribution. This terminology can
also apply to a pmf or, in general, to any nonnegative function.



Tt is easiest to deal with functions g(z) that are monotone, that is, those that satisfy either
u>v=g(u)>g(v) (increasing) or u<v=g(u)>gw) (decreasing).

If the transformation 2 — g(z) is monotone, then it is one-to-one and onto from X — ). That is, each z
goes to only one y and each y comes from at most one = (one-to-one). Also, for ) defined as above, for each
y € Y there is an © € X such that g(x) = y (onto). Thus, the transformation g uniquely pairs xs and ys. If
g is monotone, then g1 is single-valued; that is, g~ '(y) = z if and only if y = g(x). If g is increasing, this
implies that

{reX gx)<yt={veX:g ' (g(x) <g (v}
={zeX:z<g'(y)}

If g(z) is an increasing function, then using (2.1.4), we can write

9 ' (y)

Fy(y) = /{ e Xy = / Fx(@)de = Fx (g7 ().

— 00
If the pdf of Y is continuous, it can be obtained by differentiating the cdf. Taking derivatives,

Fr) = (7 W) g™ 0) = Fx (67 ) \(Z/g-l(y)

)

where the last step follows since g~!(y) is increasing and thus has nonnegative derivatives.
If g is decreasing, this implies that

{reX gx)<yt={veX:g ' (g(x) =g ()}
={zeX:z>g""(v)} (2.1.9)

If g(z) is decreasing, we have
o0
Fr() = [ fxle)do =1 Fx(s )
g (v)

The continuity of X is used to obtain the second equality. Taking derivatives,

fr(v) = —fx (g—1<y>)d%g—1<y> ~ Fx(o ) jyg-1<y>1 ,

where the last step follows since g~ (y) is decreasing and thus has nonpositive derivatives.
1 z€A

Define the indicator function 14(z) = .
0 z¢€ A

Example 1.1.3 (Uniform-exponential relationship-I). ~ Suppose X ~ fx(x) = 1(9,1)(x) , the uniform(0,1)

0 <0
distribution. It is straightforward to check that Fx(z) =<z 0 <z < 1. We now make the transformation
1 z>1
Y = g(X) = —log X. Since
d d -1
— - (-1 N £ 1
2.9() = (= logz) = — <0, or 0 <z <1,



oo

g(x) is a decreasing function. As X ranges between 0 and 1, —logz ranges between 0 and oo, that is,
= (0,00). For y > 0, y = —logz implies z = e~ ¥, so g~ !(y) = e~ Y. Therefore, for y > 0,

Fy(y)=1-Fx(97'(y)) =1—Fx(e¥)=1—e". (Fx(x) =« when x € (0,1) and e™¥ € (0,1))
Of course, Fy (y) = 0 for y < 0. Taking derivative, for y > 0,

fr(y)=e™".
Of course, fy(y) = 0 for y < 0. Using indicator notation, Fy(y) = (1 — e ¥)l(,x)(y) and fy(y) =
e Y1(0,5)(y). Note that it was necessary only to verify that g(z) = —logz is monotone on (0,1),
the support of X.
1.1.3 Distributions of Non-Monotone Continuous Functions

Recall that if X is a continuous random variable and g is a monotone function, we can derive the cumulative

distribution function (CDF) of ¥ = ¢g(X) from the CDF of X using the following:

g increasing = Fy (y) = Fx (¢ (»)),
g decreasing = Fy (y) =1 — Fx (¢~ '(v)).
In both cases, the probability density (PDF) of Y is

fr) = fx(g ') CZ/Q‘l(y)‘ :

But what if g is not monotone? In such case, it is often true that g will be monotone over certain intervals,
which allows us to get an expression for Y = ¢g(X).

Theorem 1.1.4. Suppose X has PDF fx(x) and Y = g(X), and 3 a partition of X, Ao, A1,..., A such
that P(xz € Ag) = 0 and functions g1(x), ..., gr(x) defined on Ay, ..., Ay satisfy the following:

(i) g(x) = gi(z) forx € A; fori=1,2,... k.

(i) gi(x) is monotone on A; fori=1,2,... k.
(iii) the set Y = {yly = gi(x) for some x € A;} is the same fori=1,2,... k.
(iv) g~ '(y) has a continuous derivative on Y fori=1,2,... k.

Then

k -1 d 1
fy<y>:{Zi=1fX(gi R D S ) Lt

0, otherwise ;5

One of the most common examples of this is the normal chi-square 1 distribution, also referred to as a
chi-squared random variable with 1 degree of freedom.

Example 1.1.5 (Normal Chi-square 1 distribution). . Suppose X = N(0, 1) is the standard normal distri-
bution

and Y = X?. In this case, let Ag = 0,A; = (—00,0), and A = (0,00). Then P(x € Ag) = 0, g1(z) = 22
with domain A; is decreasing, and go(z) = 22 with domain A, is increasing. Furthermore, J = (0, 00) for



i=1,2, and {g; ' (y) = —\/¥, 95 (y) = /y} are continuous on Y. Hence conditions (i) — (iv) of Theorem
1.1.4 are satisfied, so for any y € ),

fy(y)fo(—\/z?)‘—le/y +fx(\/?3)‘2\1/y‘
e V2.

1
V2my

Thus fy(y) = \/217r—y67y/21(0,oo)(y)'

Note that the above example, the distribution of the random variable X can be divided into two inter-
vals that are each strictly monotone. Many distributions require more than two intervals to ensure strict
monotonicity for each interval.

Theorem 1.1.6. (Probability integral transformation). Let X have continuous CDF Fx(x) and define a
random variable

Y = Fx(X).
Then'Y ~ Unif(0,1); that is, Fy(y) =P(Y <y) =y, 0<y<1.

Proof. Here we only prove a special case that Fx () is invertible. Since Fx () is increasing, so is its inverse
F3*(x). Therefore we have for any y € [0, 1],

O

One use of the probability integral transformation is when generating random samples. Suppose X has
CDF Fx(z). Theorem 2 tells us how to create a random sample of X:

(1) Generate a random sample Y ~ Unif(0, 1).
(2) Then X = Fy'(Y) has CDF Fx(x).

For certain distributions (such as normal or gamma) there is a simple procedure to generate random samples
directly, but the steps above can apply to any distribution. We will not dive further into random sampling
in this class, but suffice to show that theorem 2 is particularly useful in cases such as this one.

1.2 Location and Scale Families

Theorem 1.2.1. Let f(z) be any PDF and let p € R, 0 > 0. Given:

slo | mo) = 21( 1)),

g

If X ~ f(x), then Z = 0X + u has PDF g(x | p,0).
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—*. Substituting this into the expression for the PDF

Proof. We first write Z as a function of X to get X = 2

results in: .
2 = 215 (252)

g

This represents f(x) as part of a location-scale family, where p determines the shift of the function, while

o is the scale parameter.
O

Example 1.2.2 (Normal Distribution). Let

fx(z) = \/12?@*‘*2/2, X ~ N(0,1).

Given our transformation X = % from Theorem 3.1, we find that:

1 _(z—w)?

fz(2) = e 2t =g(x|p,0),

oV2m
This represents the PDF of X ~ N(u,0?).

Example 1.2.3 (Location Exponential Distribution). Let
Ix(x) =e "0 (x), X ~Exp(l).

Now consider the location family of

g(@ | p) = folz —u) = e M1 o) (@ — p).

This differs Example 3.2 as we only change the location so it is in the location-family of the original
function while maintaining the scale. As a result:

e @1 x>
0, z<u
Observation: If o = 1 and p is the parameter, the family is a location family. If 4 = 0 and o is the

parameter, the family is a scale family.

Theorem 1.2.4. Let Z have pdf f.(2). If X has a PDF L f.(*£), then:
E[X] = oE[Z] + p, Var(X) = 0®Var(Z).

The theorem states that the expected value of X is o times the expected value of Z, plus p. The variance of
X, however, does not depend on p and is 02 times the variance of Z

Proof. First, we let X be a transformed variable X = ¢Z + p where both p and o are constants. The
expectation of X is:

E[X]| =E[ocZ + y
Since the expectation is linear, we can separate E[oZ + | into oE[Z] + E[u]. E[p] = p as p is a constant,
resulting in:

E[X] = 0E[Z] + 4,
We do the same for variance, where we get Var[X] = Var[cZ + u]. We can move the scale o outside by
squaring it and constant u doesn’t affect variance so it can be taken out. Simplifying:

Var(X) = o*Var[Z].
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1.3 Bivariate Transformations

So far, we have covered how to find distributions of one-dimension, but what about two-dimensional R.V.s?
Let (X,Y) be a bivariate random vector, and (U,V) be a transformation using U = ¢1(X,Y) and
V = ¢2(X,Y). The goal of this section is to calculate the distribution of (U, V) using (X,Y).

1.3.1 Discrete Case

Example 1.3.1 (Sum of Binomial distribution).  Let X7, X5 be independent with X; ~ Bin(ny,p), Xa ~
Bin(ns,p), and suppose U = X; + Xo. We know U is a discrete distribution with sample space

Z/IZ{O,l,...nl —|—n2}
For v € U, we have
fu(u) =P(U = u)
:]P)(X1+X2 :u)
= Z P(X) =21, X5 = 2)

T1+To=u

To determine the range of z, note z € {0,1,...,n1} and y € {0,1,...,n2}. Since y = u — z, we have
0 < u — z < ngy, which implies u — ny < < u. Combining these constraints with the original support:

max{0,u —n2} <z < min{ny,u}

Using independence:

min{nq,u}

fow=" (Z})pm —p) <un_2$>l)“””(l _ pyra—tu=o)

r=max{0,u—n2}

min{ni,u}
—u n n
a0 (M ()

r=max{0,u—nsz}

Applying the VanderMonde Identity, > (7;1)( n2 ) = (”ﬁ"?). Thus:

uU—x u

ny +n2
u

o = (" T weu

Therefore, U ~ Binomial(n; 4 na, p).

1.3.2 Continuous Case

Now we consider the case where (X,Y) are continuous random variables. Let U = ¢1(X,Y) and V =
92(X,Y). Assuming we can find the inverse functions z = hj(u,v) and y = ha(u,v), the joint pdf of (U, V)
is:

fU7V(u7v) = fX7Y(h1(u"U)7 h2(uvv)) ) |J|

where the Jacobian J is calculated as:

J= T Oudv Qv du

Oz Jz drdy Oz dy
i |-
ou  Ov
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Example 1.3.2. Let X,Y be independent with X ~ Gamma(aq, ) and Y ~ Gamma(az, §). The marginal

pdf for X is
1

pde (1") = F(al)ﬂal xal_le_r/ﬁl{a:e(o,oo)}'

Similarly, the marginal pdf for Y is

a2

-1 —
pdfy (y) = W”y e y/ﬂl{ye(o,oo)}.
Consider the transformation U = XLJFY and V = X +Y. The sample space for X,Y is (0, 00), resulting in
U=1(0,1) and V = (0, 0).
Finding the inverse transformation: Solving for X and Y in terms of U and V:

X=U-(X+Y)=UV = hy(u,v)
Y=V -X=V-UV=V({1-U) = ha(u,v)

Computing the Jacobian: We compute each partial derivative:

ox  O(uw) dr  O(uv)

u  Ou - o v
oy _d(i—w) oy owli-w)

ou ou v Ov

=1—-u
Therefore, the Jacobian is:

v u
—v 1l—u

J = =v(l—u)—(u)(-v)=v(l—u)+w=v—uww+uv =0

Since v > 0 on the domain V = (0, 00), we have |J| = v.
Finding the joint pdf: Using the transformation formula and independence of X and Y:

fov(u,v) = fx(ha(u,v)) - fy (ha(u,v)) - [ J]|
= fx(uv) - fy (vl —u)) v
1 1

_ ar1—1,—uv/pB _ az—1_—v(l—u)/B| .
B F(al)ﬂal(uv) B ][F(OQ)BQQ(UQ up e b

Expanding the terms:

1 1

fU,V(u,v) = F(Q )ﬁal . F(a )ﬁag . ual_lval_l . (1 _ u)aQ—lan—l . e—uv/ﬁ . e—v(l—u)/ﬁ v
1 2

Combining the exponential terms: e~4%/8 . e=v(1=w)/B — o= (uwvtv—uv)/f — g=v/B
Combining the powers of v: v®1~1.p22~1 .y = portez—1

Therefore: )

I(aq)T(ag)portaz

fu () = R

for u € (0,1) and v > 0.
Observation (Independence of U and V'): Notice that the joint pdf can be written as a product of
two functions—one depending only on u and one depending only on v:

1
fov(u,v) = (=11 —u)*7) - (F(a1)F(a2)ﬁa1+a2 ”aﬁazlev/ﬁ)

function of u only

function of v only
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This factorization implies that U and V are independent.
Finding the marginal pdf of V:
Method 1: Notice that

fr(v) v“ﬁo‘rle*“/ﬂ,
and by comparison to the pdf of Gamma(a; + as, 8), we know:
1
fr(w) = potee=le=v/B -y 5

F(a1 + 042)50‘1""0‘2

Method 2: To find fy (v), we integrate fu v (u,v) over u:

1
fr (v) = / Jo (u,0) du
1

1 P
= /O F(Oél)F(on)ﬂalJraQ uoél—l(l — u)az—lva1+a2—16_u/6 du

UalJraQileiv/B ! a;—1 az—1
F(al)F(ag)ﬁ“1+a2/0 u (1 —w)** du

The integral fol u®r~ (1 — u)*~1 du is the Beta function B(aq, as), which satisfies:

['(c1)T ()

B -
(a1, a2) (a1 + a2)

Substituting this result:

peatea—le—v/f . ()T ()
F(al)I‘(ag)Bal‘*‘a? F(O[l + 012)
1
— a1 tas—1 —U/ﬁ > 0
(g + ag)parte: ! c

fv(v) =

This is the pdf of a Gamma(a; + @z, 8) distribution. Therefore, V = X +Y ~ Gamma(a; + as, 3).
Finding the marginal pdf of U: Since U and V are independent, we can find fy(u) by dividing the

joint pdf by fv (v):

_ Juv(u,v)

fu(u) =

fv(v)
1 U
Do) (ag)portaz
1
Far + a)portes

alfl(l _ u)agflvalJragflefv/ﬁ

portaz—le—v/B

Simplifying (the terms involving v, 8, and the exponential cancel):

Plos +az) o1
[(o1)(a2)

This is the pdf of a Beta(ay, az) distribution. Therefore, U = XLJFY ~ Beta(ay, as).

Julu) = (1—w)*™t  we(0,1)

1.3.3 Non-Invertible Mappings

What if the map is not invertible? Suppose there exists a partition Ag, A1,..., Ax of the sample space such
that the map on each partition A, is invertible and P(Ag) = 0. This is similar to the one-dimensional case
where we partition the domain to handle non-invertibility.
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In this case, the joint pdf of (U, V) is the sum of the contributions from each partition:

k
fov(u,v) =" fxy (b (u,0), 85 (u,v)) - | ;]

i=1
where h(li), hgi) are the inverse functions on partition A; and J; is the corresponding Jacobian.

Example 1.3.3 (Distribution of the ratio of Normal random variables). Consider independent standard
Normal variables X,Y ~ N(0,1) and the transformation U = 3, V = |[Y|. We want to find the joint
distribution of (U, V') and the marginal distribution of U.
The sample space for (U, V) is Y =R and V = (0, 00).
We partition the original sample space into:
o Ay ={(z,y):y >0}
o Ay ={(z,y) 1y <0}
o A ={(z,y) 1y =0}
Note that P((X,Y) € Ag) = P(Y = 0) = 0 since Y is a continuous random variable.
On A; (where y > 0): Since V = |Y| =Y when y > 0, we have:
Y=V = y=uv=hy(u,v)
X=U-Y=UV = z=u=h(uv)

Computing the partial derivatives:

Oz _ O(uwv) Oz O(uv)

u_ du U aw ow
oy v o
ou Ou  Ov v

The Jacobian is:

=v-1—u-0=v

ox oz

a3, . vou
J1 = ‘3“ By

9y Y

ou  Ov 0 1

On A; (where y < 0): Since V =|Y| = —Y when y < 0, we have Y = -V

Y=-V = y=-v=hju,v)
X=U-Y=U-V)=-UV = z=-uw=h|(u,v)

Computing the partial derivatives:

dr  O(—wv) Jr  O(—uv)
ow_ ow U B e ¢
dy_ o)y )
ou ou T ov Ov
The Jacobian is:
dz  Jz - —u
b=§z§ﬂzh Ul = (o) (=) — (~u)(0) = v

Note that on both partitions, |J| = v (since v > 0).
Finding the joint pdf: Since X and Y are independent standard Normal, their joint pdf is:

L erp L e L @)

fX,Y(‘Tvy) = Ee \/ﬂ - o
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The joint pdf of (U,V) is the sum of contributions from both partitions:

fov(u,v) = fxy(uv,v) - [Ji| + fxy(—uv, —v) - | 2]
1 7(1“7)2-%—112 n 1 (—uv)22+<—v)2
= —e v+ —e ‘v
27 2w
1 u2v2+v2 1 u2v2+v2
= —e 2 v+ —e 2 v
27 27
Since (—uv)? = u?v? and (—v)? = v2, both terms are identical. Therefore:
1 v2(u?41) 1 02 (u241)
fuvu,w)=2-—ve” 2  =—ve 2 , uwueR v>0
’ 27 T

Observation: Note that U and V are not independent because the joint pdf cannot be factored into
'u2 'u.2
a product of a function of u only and a function of v only. The term e~ Y contains both u and v in the
exponent in a way that cannot be separated.

Finding the marginal pdf of U: Since U and V are not independent, we must integrate out V:

1

fu(u) = /OOO fov(u,v)dv = /O Zve

™

w2 (w241
2 v

We use the substitution z = v2, so dz = 2v dv, which gives vdv = %dz. When v = 0, z = 0; when v — o0,
z — 00. Also, v =4/z.

Substituting:
folu) =+ /OO JreHwnz g
= L e” (e dz
27 Jo
_ 2i . < 22—|— 167Z(u2+1)/2 )
T u 2=0
1 2
2 w41
1
= ——, eR
r1+uz)
Therefore,

U ~ Cauchy(0, 1),
where the standard Cauchy distribution has PDF

1
u)=————, ueclR.
fulu) (1 + u?)
Note that the Cauchy distribution does not have an expected value, as the integral used to compute it
does not converge. For this example, we will not calculate the marginal distribution of V.
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Chapter 2

Properties of a Random Sample

2.1 Random Samples

Definition 2.1.1. Random variables X, X5,..., X,, are called random samples of size n from the
population f(z) if X;,...,X,, are mutually independent random variables and the marginal PDF or PMF
of each X; is the same function f(x). Note that we write Xy,..., X, i f(x).

Definition 2.1.2. Let Xy,..., X, be a random sample. Let T(x1,...,x,) be a real-valued or vector-valued
function whose domain includes the sample space of (Xi,...,X,). Then the random variable or random
vector Y = T(Xy,...,X,) is called a statistic. The distribution of this random variable Y is called a
sampling distribution of Y.

In this lecture, we are particularly interested in studying the sample mean and sample variance.

Definition 2.1.3. The sample mean is

X 4+ X, 1 <
:—:72 Xi'
n nizl

=

Definition 2.1.4. The sample variance is

n

> (X - X)%

i=1

1
n—1

52 =

Definition 2.1.5. The sample standard deviation is

S =57 = nilz(xi_yy.
=1

Note that all of the above definitions are functions of the random sample. Each statistic is a random
variable.

2.2 Properties of Sample Mean and Sample Variance

Theorem 2.2.1. Let x1,...,x, be any numbers and let

1 n
=1
Then:

17
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(a)

(b)

Proof. We prove both statements.
Proof of (a):

For any real number a, we write

I
I
&
+
)
M
I
B
o
|
&
+
7
Kl
|
&
(V]

Consider the middle term:

Therefore,

d@i—a) =) (x; -2 +n(@—a) ()

i=1 i=1

Since it is a quadratic function of a, it is minimized when a = Z. Hence,

min Z(ml —a)? = Z(wZ —7)%

Proof of (b):
Taking a = 0 in (x), we obtain

Rearranging terms gives
n
_ 2 =2 ok
= E x; —nxc. (**)
i=1

Since (n —1)s* = Y"1 | (x; — Z)?, the result follows. O
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Lemma 2.2.2. If X; and X2 are independent random variables, then
Var(X; + X3) = Var(X;) + Var(X3).
Lemma 2.2.3. Let Xi,...,X, be a random sample. Let g(x) be a function such that E[g(X1)] and

Var(g(X1)) exist. Then
E(ng)) — nE[g(Xy))

i=1

and
Var (Z g(X,;)) =n Var(g(X1)).
i=1
Proof.
E (Z g(XZv)) = Elg(X,)]
i=1 =1
= Z E[g(X1)] (identically distributed)
=1
=nE[g(X1)]
Var (Z g(Xi)) = Z Var(g(X;)) (independence)
i=1 i=1
= ZVar(g(Xl)) (identically distributed)
i=1
=n Var(g(X1)).
O
Theorem 2.2.4. Let X1,...,X, be a random sample with mean p and variance o < co. Then:
(a) E(X) = 1.

(b) Var(X) = %2,
(c) E(S?) = o2

Proof. We prove each part.
Proof of (a): Recall that

_ 1 &
X:a;)(i.

Taking expectation and using linearity of expectation,
1 n
E(X)=E ( > Xi>
[t
n

= %ZE(XH

i=1
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Proof of (b): Using the definition of X,

By independence,

Therefore,

Proof of (¢):
Recall

By the lemma with g(z) = 22,

Therefore,

Recall that

Var(X) = Var <i in>

i=1

1 n
=3 Var (Z XZ-) .

=1

Var <i Xi> = iVar(Xi) = no?.

=1 i=1

n—1:4
i=1

The use of n—1 in the definition of S? may have seemed unintuitive. Now we see that, with this definition,
ES? = o2, If S? were defined as the usual average of the squared deviations with n rather than n — 1 in the
denominator, then £S? would be "7_102.
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2.2.1 Moment Generation Functions of sample mean

The moment generating function (MGF) of a random variable X is defined as:
Mx (t) = E[e"],

Let X = %Z?:l X;, where Xy,..., X, are i.i.d. Then:

We can rewrite the exponent with X:

E {et‘f{} =E [e% i1 Xi} ) [ﬁ elei‘|
i=1

Because the X;’s are independent, we move the summation outside the expectation:

X, is also identically distributed, with every expectation being the same. Simplifying:

M (t) = ]E{e%Xi]n - <MX (;))n .

Example 2.2.5. Suppose X1,..., X, is a random sample (meaning i.i.d) from N(u,0?). The MGF of a

Normal Distribution is: -
t

My (t) = eltt37

Substituting in for the formula to find M (t), we change ¢ to £ to get:
Mg(t) = (erntzo (R)%)n

Applying the outer n simplifies to:
2,2

ot
2n
)

Mg (t) = e

This identifies X as following normal distribution with mean x and variance %2:

2
X~N<M,U).
n

2.2.2 Sum of independent random variables

Theorem 2.2.6. Let X and Y be independent continuous random variables with p.d.f of fi(x) and f,(y),
respectively. Given Z = X +Y, the PDF of Z is:

fu(z) = [ ¥ () fy (= — w) dw.

Proof. Let W = X and Z = X +Y so our variables change from (X,Y) to (W, Z). The inverse function is
X =W and Y = Z — W. First, we solve for the Jacobian Determinant to adjust the PDF:

J= % %’:‘11 ?‘:1(1)-(_1)(0):1
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Since the Jacobian determinant is 1, the change in variables does not change the PDF. The joint PDF of W
and Z is then: fyz(w,2) = fx(w)fy(z —w). To find fz(2), integrate out w to get:

fz(z) = /_Oc fz(w) fy(z — w) dw.
O

Example 2.2.7 (Sum of Cauchy Random Variables). Consider U ~ Cauchy(0,0) and V ~ Cauchy(0, 7).
Their PDFs are:
1 1 1 1

fu(u) = %m, fv(v) = ;W

Let Z = U + V. We want to determine the distribution of Z. From Theorem 2.1, we find the PDF as:

o) = [ttt == [~ (S ) (5 ) e

The result of the integral is:

1 1

mlo+7)1+ (U_T_T)2

This simplifies to the PDF of Z, which has a Cauchy distribution with location 0 and scale o + 7:

Z ~ Cauchy (0,0 + 7).

Now consider X1,..., X, w Cauchy(0,1). Then by the above example, > " ; X; ~ Cauchy(0,n). Then
by simple calculation (or by the scale family density in the next topic) X ~ Cauchy(0,1). Recall that from

last lecture, we learned that
_ 0'2
Var(X) = —
ar(X) -

if the random sample follows iid from a distribution with variance o2 < oo. So the variance decreases when
n increases. However, the Cauchy sample above has sample mean X ~ Cauchy(0, 1) invariant to the sample
size!

Observation: For Cauchy distribution, the E[X] and Var(X) are both co. As a result, the general

results
2

Var(X) = %

does not apply to Cauchy samples.

2.2.3 Location and Scale Families of Distributions

Given random variables

iid 1 T —
Xy,..., X, Uf( “>,

g

we want to determine the distribution of the sample mean, X. Since this represents a location-scale family
with location p and scale o,

Xi:O'Zi+‘LL,
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where random variables Zy, ..., Z, & f(z). (Proven in lecture 5, Theorem 3.1.) Then,

x=-1%yx,

s
Il
_

S|

(0 Z; + ]

M=

Q I |~ 3=

1

.
Il

= =0 nZ)—i—,u

+

This means that since Z;’s are part of the same location-scale family as X;, we can just find the distribution
of Z and use that to determine the distribution of X:

1. Find the distribution of Z, say with pdf g(z).
2. Then the distribution of X = %g (=£).

o

Example 2.2.8. Given Xq,..., X, i Cauchy (u1, ), find the distribution of X.
Following the steps above,

1. Consider Z1,...,Z, e Cauchy (0, 1).
From example 2.2 in lecture 5, we know that

Z Z; ~ Cauchy (0,n) .
i=1

Note that we had previously only shown that this was true when p = 0, but not general u. Next,
Confirm for yourself that

.
Z = EZ;Zi ~ Cauchy (0,1).

2. X then follow from the location-scale family of the distribution of Z in step 1. So,

X ~ Cauchy (p, o).

2.3 Sampling from the Normal Distribution

2.3.1 2 distribution

Recall If X1,..., X, < f(x) with mean p and finite variance o2, then
L. E[X] =p.
2. Var(X) = %2
3. E[5?] =02

This is true for any pdf f(z). If f(z) is Normal, what else can we conclude about X and S2?
Theorem 2.3.1. If Xq,..., X, are a random sample from N(,u,UQ), then:

a) X and S? are independent random variables.



2
c) (n Ui) has a chi-squared distribution with n — 1 degrees of freedom.
Proof. a)
pdef 1 - )2
S° = p— 2 (Xl X)
=— | -X) +;(X1—X)
Since
(X-X)+) (Xi-X) =) (X% - X)
i=2 i=1
= X; —nX
=1
= ()7
we can say
1 n 1P ,
2_n_1 [_;(Xz—x) +;(XZ—X)

This shows that 52 can be written as a function of the vector (X — X,..., X,, — X). So, to prove that
S? is independent of X, it will suffice to show that (X, — X,..., X,, — X) is independent of X.

Consider a new random variable where

Yo =To — T

It is easy to see that

T2 =Y1 — Y2

Tn =Y1 — Yn-

Then
n
1 =nyy — Z €T;
=2

=ny; — Z(yl + vi)

=2

n
= - Zyz
i=2



Thus the inverses would be

n
L1 =YL — Zyz
=2

T2 =Y1 — Y2

Tn =Y1 — Yn

Taking the partial derivatives gives us

1 -1 -1 -1 - -1
1 1 0 0 0
1 0 1 0 0
7= 0 0
: L0
1 0 0 1
n 0 0 0 0
1 1 0 0 0
1 0 1 0 0
= 0 0 (by adding the i-th row to the first row for i = 2, ...
: 0
1 0 0 1

n
ey s yn) = fxux, <y1 - Zyiayl tY2,.-50 +yn> n

=2

The joint pdf of (X7,...,X,) is

f(zl,...,scn)( ! >nexp<%i2i(xiu)2>.

We can write

S =01 = v —w?+> (i +yi—p)
i=1 =2 =2
= - =2— )Y v+ (Zy>
1=2 =2

+> [ = ) + 2001 — Wy + 4]
=2

=n(y — p)* + (Z y) +) v}
=2

1=2

25



26

Substituting this into the joint pdf gives us

2
1 " n(yr — p)? 1 - -
fyl,...,Yn(y17--~7yn)Zn( ) eXP(—(%g) P\ 752 Zyi +ny
i=2

2ro P

This factorization shows that Y1 = X is independent of (Ya,...,Y,) = (Xo— X,..., X,, — X), and hence
X is independent of S2.

Remark 2.3.2. The independence of X and S2 is a special property of the normal distribution. In
general, for non-normal populations, the sample mean and sample variance are not independent.

b) From the factorization above, the marginal pdf of X is

n(y, — M)2> 7

202

fyvi(y1) o< exp (—

which is the pdf of a normal distribution with mean p and variance o2 /n. Therefore,
2
X ~N (,u7 0) .
n

For part (c), we will first need to introduce the chi-squared distribution. The chi-squared distribution
with p degrees of freedom has the pdf

O

1

(%)25

rilem3 1(0,00) ()

fx) =

Note that this is a special case of the Gamma distribution with shape § and scale 2. We will use the notation
Xf, to denote the chi-squared distribution with p degrees of freedom.

Lemma 2.3.3. Fuacts about chi squared random variables
a) If Z ~ N(0,1), then Z% ~ x3. (See lecture 1, example 2.2 for proof)
b) If X1,..., X, are independent and X; ~ x5, then 7" | X; ~ XQZZ;”:lpi
Proof. b) Since X; ~ th, X; ~ Gamma(%,2). By example 3.1 in lecture 3, we know

ZXi ~ Gamma (z:iélpi,2> ,
i=1

which is equivalent to XQZ’Ll it O

This lemma will be used in the proof of part ¢ in the next lecture. We will also use the following lemma
in the proof of part (c).

Lemma 2.3.4. Let X; ~ N(u;,02) fori=1,...,n, and suppose X; and X; are independent for every i # j.

Then . . .
Za2X1~N<Zaz,ul, ZCL?O’?) .
i=1 i=1 i=1

Proof. By moment generating function. O
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Proof of part (c) by mathematical induction. We use the identity (which will be a homework problem)

n—1 —

(n—1)82=(m-2)52_, + (X, — X, 1)”. (2.1)

Base case (n =2): By (2.1),

S2 = %(X2 - X)? = [\2(){2 Xl)r.
Then )
% = L/%O(XQ - Xl):| :

Since X1, Xo id N(u,0?), by Lemma 2.3.4 we have

2 2
1 1 1
— (X2 —X;)~N(0, [ —= a2+(> o | =N(0,1).
\/QO'( 2 ) < (ﬂa) V2o (0.1)
SQ
Therefore —3 ~ x%, which verifies the claim when n = 2.
o

k—1)5? k
Inductive step: Assume that (J% ~ x%_, holds. We want to show that % ~ X3,

2
By (2.1) withn =k + 1,

ESE, (k=182 .k (Xen— X))
o2 o2 k+1 o2 ’

k—1)82
By the induction hypothesis, w 2

Next, consider

Since X1,..., Xgt1 i N(0,1), by Lemma 2.3.4,

o 2 2
MNN 0, 1 o? + 1 ko2l =N 071+l - N 0,@ )
o o ko k k
Therefore, defining

ko Xy — Xi

Y = .
k+1 o

~ N(0,1),

we have Y2 ~ y2.
Now, S? is independent of Xy (since S7 depends only on Xi,. .., Xy), and S7 is independent of X by
part (a). It follows that S7 is independent of Y. Therefore,

k S? k—1)S2
Jk?2+1 — ( 0—2) k +Y2 ~ Xz
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2.3.2 Student’s ¢t Distribution
By the results of the previous section, if Xi,...,X, id N(u,0?), then

X, —

a/f ~ N(0,1).
Consider the statistic
Xo—p_ K- w/lo/V) _ Xn-p Vi1 N(,1) 02)
Sn /v Sn/o o/vn \/(n_l)sr%/02 \/X nfl .

where 4 means the random variables on both sides have the same distribution.

Definition 2.3.5. A random variable T has Student’s t distribution with p degrees of freedom, and we write
T ~t,, if it has pdf

INC= | 1
fr(t) = 2 /. . .
F(%) \/pT (1+ ﬁ) 42-1
p
Remark 2.3.6. If p = 1, then
oo r 11
fr(®) = r(l) V@ 1+ n 1+

which is the Cauchy(0, 1) distribution.

Theorem 2.3.7. If U ~ N(0,1) and V ~ an and U,V are independent, then

v t
vip "
. U
Proof. Define the transformation 7' = \/W and W = V. Then
p
U=T-4| E, V=W
p
The Jacobian is
ou oU
ot oaw| |YX L] w
"lov v ‘ 21 Vo
or ow

The joint density of (T, W) is

frw(t,w) = fov <t\/E w> '\/f
- fU<t\/§> fv(w)- \/f
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To find the marginal density of T, integrate over w:

Y R Y £ B S e
fT(t)—/O Jor F(%) /2 \/; w e dw.

—w
2

1 2
The integral I = wize p+1 )

2
(1+ E ) dw can be evaluated by recognizing it as related to the Gamma , ——————
2 T 1+¢2)p

0
distribution. Specifically,

p+1

= () (o)

Substituting back,

142
) 1 1 -
- r(8)  pr 2\ 5
2 (1+%)

By (2.2) and Theorem 2.3.7, we have

Xn—u d ]\7(07 1)
Sn/Vi hE 1)

~tpo1.

Properties of the t distribution (which will be homework problem):
e E[T,))=0ifp>1.

p .
T, = f 2.
e Var(7},) p_21p>

2.3.3 Snedecor’s F' Distribution (Variance Ratio Distribution)

Definition 2.3.8. Let Xi,..., X, ~ N(ux,0%) and Yi,...,Y,,, ~ N(uy,0%) be two independent samples.
Consider the ratio

Sk/ok _ (n=1)8%/o%/(n—1) a x51/(n—1)
Syloy  (m—=1)8% /oy /(m—1) x5y /(m—1)

This has a Snedecor’s F distribution with n — 1 and m — 1 degrees of freedom.

Definition 2.3.9 (Equivalent definition). A random variable has an F distribution with p and ¢ degrees of

freedom if its pdf is
(et p/2 21
fr(z) = M;J();()q) : <Z> ) qu ) 1(0100)(35)-
2 2 (1 + %m)

2

The equivalence of the above two definitions will be left as a homework.



30

2.4 Order Statistics

Two statistics we have encountered are the sample mean and sample variance. We now introduce a useful
class of statistics: order statistics.

Definition 2.4.1. Let X1, Xs,..., X,, be independent and identically distributed (iid) random variables.
We define

X1y = min X;, X(9) =second smallest X;, ... , X(,) = max X;.
M= &2, (2) () = 25,

Each X;) is an order statistic.
Notice that each X(;) is a random variable.
Definition 2.4.2. Let X;, Xo,..., X, be iid. We define the sample range to be
R=Xm —Xw-
The sample range is the distance between the largest observation and the smallest observation.
Definition 2.4.3. Let X1, Xs,..., X, be iid. We define the sample median to be
X (1) if n is odd
M =

XX+

5 if n is even.

Example 2.4.4 (Distribution of X(,). Let X1, X5,..., X, be iid with cdf F(x). Then
FX(n) (x) = P(X(") < :E)

:P(maxXiS:E)

1<i<n
=PXi <z Xo<uz ... , X, <x)
= (P(X1 <2))" (X1, Xo,..., X, are iid)

If, additionally, X7, Xs,..., X, are continuous random variables with pdf f(z), then
fX(n) (.’ﬂ) = FS((,,L) (‘T) = Tl(F(Sﬂ)) f(x)a
where the last equality follows from the chain rule.

Example 2.4.5 (Distribution of X(yy). Let X1, Xs,..., X, be iid with cdf F'(x). Then

n—1

Fx, (z) = P(Xq) <)
=P ( min X; < o:)

1<i<n

:1—P(minXi>a:>

1<i<n
=1-PXy1>z, Xo>uw, ... , X, >1x)

=1-(P(X; >2))" (X1, Xs,..., X, are iid)
=1-(1-F(x))".

If, additionally, X7, X5, ..., X,, are continuous random variables with pdf f(x), then
n—1 n—1
P (@) = Fa, (2) = —n(1 = F(2)" " (=£()) = n(1 - F@))" " f(2).
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Deriving the distributions of the other order statistics is more complicated.

Theorem 2.4.6. Let X(1), X(2),...,X(n) denote the order statistics of a random sample X1, Xa,..., X,
from a continuous distribution with cdf Fx(x) and pdf fx(x). Then the pdf of X ;) is

n!

mfx(x) [Fx (@) [1 = Fx(@)]"™

fx (@) =

and the cdf of X ;) is

Fror= 5 (1) tal - o™

=J

Proof. Let Y be a random variable that counts how many of X, X5,...,X,, are less than or equal to .
Then, defining a “success” as the event {X; < x}, we see that Y ~ binomial(n, Fx(z)). So,

Fx (x) = P(X(j) < x)

= Z P(exactly k of the X; are less than or equal to x)
k_j

_ZP
kZi() )L - Fx(@)]" "

Now we find the pdf of X;:

d
dx

=3 (Z) (k [Fx ()] fx@) - [1 = Fx(@)]" " + [Fx@)]" - (n = k)[1 = Fx(2)]" "' (= fX(g;)))

k=j

me( z) = FXm( x)

where we have applied the product rule. Splitting the expression into two sums and rearranging factors, we
get

n

n—1
> () e P - Fe@) ™ = X () (0 W) [Pre(o)] - F)

k=j k=j

where we have dropped the k& = n term of the second sum because the (n — k) factor causes the term to
vanish. Now we re-index both sums: for the first sum, we use s = k — 1, and for the second sum, we use
s =k. We get

n—1
§=7J

=j—1

n—1

(Szl)(erl)fX(:z:)[FX(o:)] [1— Fx(2)]" ™" 1Z< > n—s)fx(@)[Fx(@)]°[1 - Fx(@)]" "

Now, since

(sil) (1= G (Z!s e =am fn;f o S!(nn! i) = (Z)(n—s),
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our expression equals

_ <S :L_ 1) (s + 1) fx (@) [Fx (2)]"[1 - FX(I)}H_S—l
=X () e 0@ @) 1 = P

All terms cancel except for the s = j — 1 term in the first sum, so we get

o) = ()3 @) 1= Fx)

n! j—1 n—j
= mfx(x) [FX(I)} [1 - FX(I)] .

O

Exercise 2.4.7. Check that the formulas given in Theorem 2.4.6 match what we proved earlier for the cases
j=1and j=n.

Exercise 2.4.8. Does the CDF formula in the above theorem applies to discrete X;,..., X,,? Why?

Remark 2.4.9. A result similar to Theorem 2.4.6 for discrete distributions is given by Theorem 5.4.3 in [1].

Example 2.4.10 (Uniform order statistic pdf). Let X1, Xo,..., X, ES uniform(0, 1). Then each X; has pdf
fX (x) = 1(0,1)(23) and cdf

0, <0
Fx(z)=<z, z€(0,1)
1, z>

By the previous theorem,

n! j—1 n—j
, = —+—1 F 1-F
fX(J)(x) (j _ 1)!(n _ ])| (071)($)[ X(x)] [ X(m)}
n! . .
S — (1 — )
Gty e

where we were able to replace Fx(x) with x because the 1(o1)(z) factor makes fx () vanish outside of
(0,1). Thus, the j*" order statistic has a beta(j,n — j + 1) distribution. It follows that EX;y = n%H
and Var X(; = % We observe that the expectations of the order statistics are evenly spaced:
EX) = n%rl, EX(9) = %H? v EX ) = e

Theorem 2.4.11. Let X(1), X(3),...,X(n) denote the order statistics of a random sample X1, Xa,..., X,
from a continuous distribution with cdf Fx(x) and pdf fx(x). Then the joint pdf of X(;) and X(;), where
1<i<j<n,is

Fxex (W,0) = {“—1)!(;-—?!_@)1@—]‘)!fx(u)fx(v)[Fx(“)]i1 [Fx() = Fx(@] ' [1= Fx(@)]"7, u<v
()2 ()N

0, otherwise.

The proof of the above theorem, not given here, is similar to that of Theorem 2.4.6; it uses a multinomial
random variable rather than a binomial one.
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Theorem 2.4.12. Let X(1), X(3),...,X(n) denote the order statistics of a random sample X1, Xa,..., X,
from a continuous distribution with cdf Fx(x) and pdf fx(x). Then the joint pdf of X1y, X(2),--, X(n) 18

Xowy W15 ees Yn) = nl fx() - fx(n), < <yn
(n ) y In 07 Otherwise.

Notice, the signs defining the indicator function’s preferred domain are <, not <. This is because when X
is a continuous r.v. and hence
PX;=X;]=0,

so we can also say there is a 0 probability for any of the random variables to be equal to each other.
Proof. The following is the proof for the above theorem for the n = 2 case.
X1y = min(Xy, X») and X2y = max(Xy, X»),

We want the inverse map so that we can write X; and X in terms of X(;) and X(;). To achieve this, we
can consider the two possible cases for X(;) and X(3). The first, A;, where X; < X5, and the second, As,
where X7 > Xo.

Al = {(1‘1,.’)32) < ,Tg}.

Then on Ay, the map is

h1=o0 T1 =1

Aq =
Y2 = T2 T2 = Y2

Compute the Jacobian:

Oxq Oxq

Ere 1 0
— det (871 2T2> :det( ) =1, |J1‘ =1.

dzy 0 1

8I1 amg

Also,

Then on As, the map is

Y1 = 22 T2 =4
AQZ =

Y2 =T T1 =Y2
Compute the Jacobian:
o o 0 1
J2:det (dxy; dii) = det (1 O) :—1, ‘J2|:1
Oy1  Oy2

Note also our third case, Ay = {1 = 23}, but recall again that for continuous r.v. the possibility of X; and
X5 being the same value is 0, so

Ix X (W1, 92) = (Fxyx0 (Y1, v2) ]+ Fxy s (Y2, y) 12D Ly, <yy
= (fx (W) fx (y2) + x (W2) fx (Y1) L1y, <yo)

=2fx (1) fx(y 2)1{y1<y2

=nlfx (Y1) fx(WUn)l{y <..<y,) forn =2

Remark. For general n, the split subsets are
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{1 <22 < .0 <y}
{r1 <@ < ... <@y < Tpga1}

There are totally n! subsets (excluding the zero probability sets). The Jacobian will always be positive or
negative 1 on each such subset. Thus the joint pdf will simplify to:

nlfx(x1)...fx(xn), for any n
Example 2.4.13. Consider the following continuous, independent, and identically distributed random vari-
ables,
iid _
X17X27 X3 ~ EXp(l), in (1’) =e m]~{O<r<oo]>
Find the distribution of Y = (X (1), X(2), X(3)),

Vry <2 <3, [x),X@),Xe (T1,T2,73) = 3le” " Liocr, <oo)
X e "1 10cp, <00}
X e " 1 {pcmy<oo}
= 667(m1+m2+m3)1{0<x1 <zga<wz<oo}
Example 2.4.14. the distribution of midrange and range

Let X1, X5,..., X, i Unif(0,a). Let X(;) = min{X;} and X(,) = max{X;}. Define

Range R =X — X, Midrange V= w
We want to find the joint density of (X (1), X))
By the order-statistics result from the previous lecture,
n—2
fX(l),X(n) (1, 75) = n(naZ— o) (mn ; x1> 1{O<x1<xn<a}
= %(xn - xl)n721{0<x1 <zp<a}-

Change of variables to (R, V): from the definitions,

R R
Xy=V-—-— X = —.
m=V-5, m=V+3
The constraints 0 < X (1) < X(,) < a become
0<V—E, — <V,
2 2 0<R<a
R R )
0<V—-o-<V+-<a = Vf§<V+§, = 0<§, =
R R 2 2
V+§<a V<Cl—§

So, the support set is
r
A:{(r,v):0<r<a, §<v<a—f}.
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\

Figure 2.1: Feasible region for (R, V).
Compute the Jacobian:

(’):vl Bml

_ or ov _ -

J = det (8% mﬂ) = det (
or ov

1

1
) =1, |J=1

N D=

Therefore, for (r,v) € A,
r T
fR,V(T7U):fX(1),X(n) (/U_§7’U+§> |J‘

=2 (4 1) - (- 2)" tewen
n(n —1)

n—2
= an r 1{o<r<a, s<v<a—3 3}

Notice that the density fr v (r,v) does not actually factor into a function of r times a function of v
because the domain couples r and v. Hence R and V are not independent.

Marginal distribution of R

Integrate out v:
a—r/2 1
faly = [ Mz,
r/2 a
nn—1) , o roor
e (e 575) Locr<a
-1
n(n )’I“"_2(

an a—r) 1{0<r<a}~
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Marginal distribution of V/
From the support § < v < a — g, for a fixed v the valid r range depends on whether v < a/2 or v > a/2:

o If 0 <wv < g, then r < 2v.
o If $ <wv <a,thenr <2(a—wv).

Thus,
fr) = [ natroyar = Mgy

with the appropriate upper limit.
Case 1: 0 <v < 3.

o= [N

n(n—1) (2v)"!

= 1 1{0<v<%}

am n
~ n(2u)" ! )
= an {0<v< g}

Case 2: § <v <a.

2(a—v) o
fv(v):/o 771(” 1)7’”72 dr

an
n(2(a —v))" 1
== o lracycay
n(2a — 2v)"1
= liacpcay-
Combining, we have,
n(2v)"~1 n(2a — 2v)" 1
fv(v) = ——Lliocwocsy + —————L{zcv<a}-

a an



Chapter 3

Point Estimation

3.1 Introduction

Let X1, Xo,..., X, A f(z | 0), for example f(x | 8) = N (6,1). In practice, we observe data, but we want to

understand the underlying structure of the data (i.e., the unknown parameter 6).

Definition: A point estimator is any function
W(X1, Xa, ..., Xn),

of a sample, that is, any statistic is a point estimator. However, the estimator W (X, Xo, ..., X,,) cannot
depend on the unknown parameter 6.

3.2 Maximum Likilihood estimators
Let X1, Xa,..., Xn o f(z | 0), where f(x | 0) can be a pmf or a pdf and 6 € Q is an unknown parameter.

Definition 3.2.1 (Likelihood Function). The likelihood function is
L(O;2y,...,2n) = L(0 | X1,..., X) = [ £(X: | 0).

viewed as a function of § € € (the parameter space).

Definition of the MLE
We estimate the true value of 6 by choosing the parameter that maximizes the likelihood:

gMLE =argmax L(0;x1,...,2,).
0eQ
Equivalently, R
L(OyLg; 21, .-, Tn) = rgleaécL(Q;xl, cey Tp).

Intuition: pick € such that the chance / likelihood of observing (x1,...,2,) is the largest.
Log-likelihood

37
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Definition 3.2.2 (Log-Likelihood). The log-likelihood function is

00| X1,..., Xn) =log L(0 | X1,...,X,) = > log f(X; | 0).

i=1
The log-likelihood helps reduce the burden of differentiation (product becomes sum):

0(0;x1,...,2,) :=1log L(O;x1,...,2,)

= log (H f(xi| 9))

Z f(zi]0)).

Since log(-) is increasing, maximizing L is equivalent to maximizing ¢:

OymLe = argmax £(0;xq, ..., x,).
e

Lemma 3.2.3 (Maximum Likelihood Estimator). The MLE is

0 =argmaxL(0 | X1,...,X,) =argmax /(0 | X1,...,X,).
9e9Q 0eQ

The above holds only when £(6 | X1,...,X,,) has the same domain 2. Sometimes taking the logarithm
will shrink the domain and the analysis will become more complicated (see Example 3.2.8).

Remark 3.2.4. é(Xl7 ..., Xp,) is a random variable since it depends on X;,..., X,,.

Example 3.2.5 (Example: Location Normal MLE). Consider

X1,..., X, XN, 1).

Goal: estimate 6

L] X1y, X)) = f[l (X ] 6) = I[lrexp<—(Xi2_0)2>=<\/12?>nexp<—;zn:()(i—9)2>.

Method 1 (Algebraic)

Since the constant does not depend on #, maximizing L(0 | X1,...,X,,) is equivalent to minimizing
n
D (X —0)
i=1

Method 2 (General)
The log-likelihood is

00) =00 ] X1, Xn) = nlog(\/%) + (—% >_(Xi=0)%),
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First derivative:

i=1
1 n
(= Xi—0)
=1

=n(X, —0)

Setting ¢'(6) = 0 gives the following critical point:
=X,

It is not completed since we need to justify the critical point is maximizer. There are two methods: first
derivative test and second derivative test.

Method 2a: First Derivative Test

Now analyze the sign of ¢/(9).

o If § < X,,, then:

Thus £(#) is increasing.

o If > X,,, then:
7'(9) < 0.

Thus £(9) is decreasing.

Therefore, £(0) increases up to X,, and decreases afterward.

Hence,
=X,
is the maximizer.
Method 2b: Second Derivative Test
Recall
() = —n.
Since
") =—n <0,
the log-likelihood is strictly concave.
Therefore, the critical point
0=2X,

is the unique global maximizer.

Thus, the MLE is:
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Example 3.2.6 (Example: Location Normal with Constraint). Suppose
X1,..., X0 YN, 1),
but now the parameter space is
Q=[0,00).
From the unconstrained problem, we know the critical point satisfies

eunconstrained = Xn~

Recall from the first derivative test:
o If < X,,, then /() > 0 and £(0) is increasing.
e If > X, then () < 0 and ¢(0) is decreasing.

Thus £(¢) increases up to X,, and decreases afterward.
Case 1: X,, > 0 () is increasing on [0, X,,) and decreasing on (X,,,00), and thus the maximizer is
0 =X,.

Case 2: X, <0
£(0) is decreasing on [0, 00). The maximum over §2 = [0, 00) occurs at the boundary:

0 =0.
Conclusion
Combining both cases, the MLE is
P X, ifX, >0,
o ifX,<0.

Equivalently,

0 = max{X,,0}.
Exercise 3.2.7. what if Q = (0,00) ?

Example 3.2.8 (Example: Bernoulli MLE). Let X5,..., X, Y Bernoulli(p), where 0 < p < 1.
The pmf of a Bernoulli random variable is

D ife=1, N -
f(@ | p) {1_p oo —PA-P)

Likelihood Function is
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Log-Likelihood
For 0 < p < 1, take the logarithm:

{(p) = log L(p)
— ZXi logp + <n - ZXZ> log(1 — p).
i=1 i=1

Note the domain for the log-likelihood function is smaller than the likelihood function!
Derivative and Critical Point
For 0 < p < 1, differentiate ¢(p):

i Xi n—3i X
P 1-p

t(p) =

Let X, = %22;1 X;. Then

p(1—p)
- n—pD
p(1—p)
Setting ¢'(p) = 0 gives the critical point B
p=X,.
First Derivative Test
From _
Xn—p
U(p)=n-——-,
®) p(1—p)
we have:

o If p < X, then ¢/(p) > 0, so {(p) is increasing.
e If p> X,,, then ¢'(p) < 0, so £(p) is decreasing.

If X,, € (0,1), then X,, is the maximizer of £(p) on (0,1).
Maximizer on [0,1] (Boundary Cases)
Case 1: X, € (0,1).

L(Xn) = max L(p) = Jnax, L(p)

since the likelihood function L(p) is defined at p = 0 and p = 1 and right and left continuous, respectively
(actually L(0) = L(1) = 0). Hence,
L(0)=0,  L(1)=0,

and L(p) is continuous on [0, 1]. Therefore, X, is also the maximizer of L(p) on [0, 1].

Case 2: X, =0. Then X; =---=X,, =0, so

L(p)=(1-p)",
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which is decreasing on [0, 1]. Thus the maximizer is p =0 = X,,.

Case 3: X, =1. Then X; =---=X,, =1, so
L(p) =p",
which is increasing on [0,1]. Thus the maximizer is p =1 = X,,.
Conclusion

We conclude the MLE is ~

Exercise 3.2.9. Will we have the same issue for continuous distribution?

However, we may not be able to find the explicit solution of MLE.

Example 3.2.10. (Logistic Distribution) Consider a random sample Xi,..., X, “d Logistic(6,1). The
probability density function (pdf) is given by:

ef(w79) e—xt+0
f(m79) = (1 + 6—(m—9))2 = (1 + e—x+9)2' (31)
The likelihood function is
n n e_xi_»,_g e~ S Ti+ne
L(a;xla"'v‘rn): f(xzae): = n - .
Z.I;[l };[1 (Lt+e =t0)2 L (1+ewitf)?

The log-likelihood simplifies to:
1(0) = log L(6)

=— in +nf —2 Z log (1 + e_'tﬁ'g) . (3.2)
i=1 i=1

To find the MLE, we take the derivative with respect to 6:

7:1:+0
!
Z(9)7n72271+6 —

—n—QZ( w)

1
=— 2 P r——— 3.3
n+ ; 1 + €7Ii+6 ( )
The second derivative is: ,
—x;+
" _
1"(0) = 22 T e—mo <0. (3.4)

Since 1" (0) < 0, the first derivative I'(6) is strictly decreasing. Thus, I’(6) = 0 has a unique solution, denoted
by 6¢1. When 6 < 601,1'(6) > 0 thus I(f) is increasing, and when 6 > 61,1'(6) < 0 thus [(6) is decreasing.
Therefore, by the first derivative test the maximizer is 601, i.e., 6 = 6,,.

In all previous examples, we have dealt with cases where the likelihood function is differentiable. However,
there are cases where the likelihood function is non-differentiable or discontinuous. In such cases, we need
to investigate the increase and decrease of the likelihood or log-likelihood function to find the maximum
likelihood estimator as the following example.
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Example 3.2.11. (MLE for the Double Exponential (Laplace) Distribution) Let (X71,...,X},) % DE(6,1)),
with pdf:

f(z:0) = %eflﬂ“e‘. (3.5)

The likelihood function is:

|

o
Il
A

L(O;z1,...,20) (x4

ewi9|>

8
@.

S
=

I
=
N
N | =

©
I
—

| =

Il
,_.AN/\
& 3
| —
N———

-3 M
- L
| &: 3

. o o)
i

8

|

=
N———

Maximizing this likelihood is equivalent to minimizing the sum of absolute deviations S(8) = Y"1, |z;—0)].
Let X(1) < X(2) < --+ < X(p) be the order statistics. Define X ) = —oo and X, ;1) = oo. For a given
7, when 0 falls in the interval [X(,), X(;41)), the log-likelihood can be written as:

1(0) = log (;) - <Z(9 — X))+ Y (X - 9)>

i=1 i=r+1

= log <21n> — <7’0 — ;X(z)> — (i;I X(z’) - (TL - 7")0)
= log (21n> + ZX(i) - Z Xy + (n—2r)6. (3.6)
i=1

i=r+1
This is a linear function in € on the interval [X (), X(,+1)). The slope of this line is n — 2r.
o If n—2r >0 (ie, r <n/2),(0) is increasing on the interval.
o If n—2r <0 (ie, r>n/2), () is decreasing on the interval.
e If n —2r =0 (i.e.,, r = n/2), the function is constant on the interval.
For an odd sample size n = 2m + 1, the slope changes from positive to negative at X(,,;1), making this

order statistic the unique maximizer. For an even sample size n = 2m, the slope is zero on the interval
[X(m), X(m+1)}7 meaning any point in that interval maximizes the likelihood.

e If n=2m +1 (odd): The MLE is the middle order statistic, 6, = Xmt1)-

e If n = 2m (even): The MLE is not unique. Any 6 in the interval between the two middle order
statistics, [X(m), X(m+1)], minimizes S(0).

Lastly, there are cases where the maximum likelihood estimator is not uniquely determined.
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Example 3.2.12. (Non-Uniqueness of MLE) There are cases where the maximum likelihood estimator is

not unique. Consider a sample X1,..., X, & Uniform[f — 1,6 + 1]. The pdf is:

F(#:6) = 310101 () (37)

The likelihood function L(0) is the product of the individual pdfs for every z;:

=

L(O;2q,...,x ): flz; 6)

(; {(6-1,0+1) (xz))
)

Hl(e 1,0+1)} (1)

i=1

.
Il
-

I
:j:

s
Il
_

N

g

This likelihood is positive if and only if all observations x; lie within the interval [# — 1,0 + 1]. This is
equivalent to requiring that the largest observation x(,) and the smallest observation x(;) satisfy:

0—1< (1) and Z(n) <60+1. (38)
Rearranging these inequalities gives:
Z(n) — 1<6< x) + 1. (3.9)

Therefore, any 6 in the interval [z(,) —1, 2(;)+1] will make the likelihood equal to 1/2", which is its maximum
value. Since x(1) < (), this interval is valid. The MLE is not unique; it can be any number in this interval,
often written as [X(,,) — 1, Xy + 1].

3.2.1 Invariance Property of MLEs

A key property of maximum likelihood estimators is their invariance under transformation.
Theorem 3.2.13 (Invariance Property). If 6,, is the MLE of 0, then for any function T(0), the MLE of
n="T(0) is T(6,).

iid

Example 3.2.14 (Normal Distribution). Let X3,..., X, ~ N(0,1), and the MLE 0, = X,. Consequently,
by the invariance property:

e Then the MLE for #? is equal to (X,)?
Example 3.2.15 (Bernoulli Distribution). Let Xi,..., X, i Bernoulli(p). The MLE for the success
probability p is p, = X,,. The MLE for 1/p(1 — p) is then:

o —

V(L =p) = V(1 = pn). (3.10)

3.2.2 Two-Parameter Maximum Likelihood Estimator

If 6 is multidimensional, we must maximize the function at several different variables in order to find the
MLE. For a differentiable likelihood function, we can set the first partial derivatives equal to 0, but verifying
through a second derivative may lead to our work becoming needlessly tedious and muddled. Instead, let us
try the method of successive maximizations.
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Example 3.2.16 (Example 2.1 (Normal MLEs, y and 02 unknown)). Let Xi,..., X, i N(u,0?) where
€ R,0% > 0. Find the MLE of 6 = (u,0%)T

The likelihood function is:

L0, wa) = [ pdf (zilps, o)

=1
N H V2ro? P _272(36Z —
i=1

We want to maximize this function with respect to both p and 2. To do so, we first find the log likelihood
function:

log L(p, 0%|z1, . .., Tn)

1 1 <
"log(m)2z

1 1
= —57110%(27“72) 202 Z(%‘ - p)?

Z(M,O'2|l'1,... ;xn)

Now, we want to maximize the function with respect to one variable at a time. Recognize that in order
n

to maximize [(u,0?) with respect to u, we only need to minimize Z(xl — u)? with respect to u. Based
i=1

on the result from a previous lecture, we recall it is minimized at i = Z,, the sample mean. In general

of successive maximization, the maximizer may depends on the other parameter ¢. The fact

that this maximizer does not depends on the other parameter o significantly simplifies the

calculations.

After maximizing our two-parameter function with respect to one parameter, we can use the result to
reduce the function to one parameter and find the remaining maximization:

max [(p, 0?) = max (i, 0%)
(1,02) o?

(p,0%) = —%nlog(27m2) =Pl (25 — Zp)?
Let £ = o2
U, &) = —fnlog(27r§) - i Z( — )2

Now, we take the partial derivative of the log likelihood functlon 1(f1,&) with respect to &,
ol(f1,€) 1 1« L 1
= —p.— 97— = E i — T _
0¢ 2" 2r€ T (s = &n) &

1 1 1< ~ 1
=—5n ¢ +3 2 (z; — Tn)? <—§_2>
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First Derivative Test Set 6(%72’5) = 0 and solve for £ to find the critical point.
23

U S - )
2 £2 -

—né + Z(a:, —Z,)" =0

i=1
&= 1 i(w —Z,)? is the critical point
n K3 n

e When £ < %2?21(352 — )2,

A, &
o€ >0
So, I(f1,€) is increasing.
e When { > L 37" (z; — 7)?,
(1, €)
0€ <0

So, I(fi,€) is decreasing.

Thus, by the first derivative test we have verified that £ = L 3"  (z; — Z,,)? is the maximizer. We see
that (1, &) increases to & and decreases after reaching it, making it the highest, or maximum, point.

Therefore, we have found the MLE of 6 = (u,02)T is (f1,6%) = (Zn, = Y i (x — Tp)?).
Recall the sample variance,

1 n
52 = Z(l‘l — i’n)2
i=1

n—1
E(5?%) = o?
Note the MLE and the sample variance are different. The coefficient of the sample variance ﬁ is to

make the expectation to be o2.

3.3 Method of Moments

The method of moments (MME) is an alternative way to construct estimators by matching theoretical
moments to sample moments. Instead of maximizing a likelihood, we equate functions of the parameters to
corresponding empirical quantities.

Let X5,...,X, S f(z | 6). Suppose the distribution has theoretical moments m, = E[X"] that can be
expressed in terms of 6.

First step

Write the parameter in terms of the moments. This means we first find algebraic relationships between 6
and the moments m,., then solve those equations for 6.

Example: Xq,...,X, " N(u,0?). Here 0 = (u,0?)T.
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The first two theoretical moments of a normal random variable are
m1 = W, m2:O—2+IU/2'

The first moment is the mean, and the second moment equals variance plus squared mean: mo =
Var(X) + (EX)2.
We now solve these equations for u and o?:

2 2
n="my, g =Mmg —mj.

So, once we know the first two moments, we can recover the parameters.

Second step

Replace moments with sample moments. We approximate each theoretical moment m,. by the empirical

average of X/
1 Z" .
my = ; o ‘X’L .

This uses the idea that, by the law of large numbers, sample moments converge to their population
counterparts.

(Recall that for a general function g, E[g(X)] ~ 2 3" | g(X;).) Thus, we plug ri2, into the relationships
obtained in the first step.

Applying this to the normal example, the MME estimators are

which matches the sample mean, and

2
. A . 1 n 1 n
02:m27m12:E;X127 (n;X1> .

Here 62 is the sample second moment about zero minus the squared sample mean, mimicking the identity
2 2
mo = 0° + pu°.

3.3.1 Non-Unique MMEs

This section shows that the method of moments need not give a unique estimator; different moment equations
can lead to different solutions. We illustrate this with the Poisson distribution.

Example: Xq,...,X,, ~ Poisson()\), with A > 0. The Poisson distribution has the property that its mean
and variance are equal to .

From the first moment,

my = A, M=m =X, =

3=

o
i=1

So matching the mean gives the natural estimator: the sample average.
When using the second moment, note that

Var(X) = A, ma = A+ A\2.

The second moment is the sum of the variance and squared mean, both equal to .
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Thus we obtain the quadratic equation
M X —my =0,

so solving for A\ gives

‘o 1+ VI +dmy
=

These are two algebraic solutions for A in terms of the second moment.
Replacing ms by the sample second moment 7o yields two MMEs:

N L VT dme —1— I+ drm
2,1 = ———F I e—
’ 2 2

2,2 =

Both satisfy the moment equation, but one of them may violate the parameter constraints.
Remember that we have the constraint A > 0. Therefore A, 5 is usually discarded because it is negative,
while g ; is kept as a candidate estimator.
Another way, using the variance identity, is to note that
A=Var(X)=my—m? = A3 =r1ng— 2
Here we use both the first and second moments simultaneously to construct a different estimator.

So we have multiple method-of-moments estimators for A. This example emphasizes that MME is a
recipe rather than a unique rule.

3.4 Midterm review

Change of Variables

iid

Problem 3.4.1. Let X1, Xo ~ N(0,0?), or equivalently, (X1, X3) ~ N(0,02I3). This means that the vector

(X1, X2) follows a two-dimensional Normal distribution with mean vector 0 = (8) and covariance matrix

o2 times identity matrix Iy = <(1) ?)

X
(a) Find the joint distribution of two new random variables, Y7 and Ya, where Y1 = X7+ X2 and Yy = =L

VY
(b) Prove that Y7 and Y3 are independent and interpret that result geometrically.

(a) First, we must understand what Y; and Y2 mean geometrically. If we draw a plot with X; and X,
as the axes, then Y; is the squared distance from any random point to the origin. In other words, it is the
radius squared. Y5 is then cos (0), where 6 is the angle made by the radius.

From this, we also have that the range of Y7 is Y7 > 0, and using the definition of cosine, —1 < Y5 < 1.
This will be the domain of the joint density function.

To derive the distribution, we start by finding the inverse function. X; can be written in terms of Y7 and
Y5 easily:

X1 =/NYs

However, as X5 is squared, we will need to determine if it is positive or negative. Therefore, we will
consider three regions:
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Since X5 is continuous, P((X1,X2) € Ag) = P(X2 =0) =0. On A4;, X5 is positive, so we have:

A { T1 = \/Y1Y2
Lo =\Y1 — Y3 = ViV 1—y3

Now we find the determinant of the Jacobian for case Aj:

Oy Ory
_ |0y Oy
7= om om
8y1 8y2
Y2
BRI
TVl Ve
PAVATTY V1-y3

y5s  V1-wys

EN= 2
2

-y

_ Y2
Co2y/1- 214
1

214

Then we find the inverse for As, where X5 is negative:

A, - { T1 = \/Y1Y2
2 -
Ty = —\/y1 — Y5 = —VIiV1 -3

Notice that this is the same as A;, save for the negative sign. Therefore, we can do the same calculations
as last time for the Jacobian to get:

1
2V/1 -3

We’ll be using the absolute value of the determinant, so these two are essentially the same. Now we can
plug these results into the change of variables formula. Since we have two domains (A; and As), the joint
density of Y7 and Y5 is a summation over the two regions, like so:

J:

1
b) = b 1 2
fyl,yz(lh yz) le,Xz(\/ylyQ VY1 92)2 T—.2 —y%

1
+ x1.06 (Vg =iy 1 — yE) ———
X% (VY1Y2 1 2)2@
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Since X7 and X5 are independent of each other and follow a Normal distribution with mean 0 and
variance o2, we have:

fxi.x, (21, 22) = fx, (21) fx, (72)

2 2
_ T2
= e 20'2 e 20'2

V2mo? V2mo?

Additionally, notice that since X follows a Normal distribution with mean 0, it is symmetric about the
y-axis. That is, fx,(x2) = fx,(—z2). Using this, we have:

1
24/1 —y%
+ fx. (Wyiy2) fx. (=1 195)2\/117
— Y3

=2 f, (V) fx (Vi1 — y@wlliyz
- J2

thYz(yhyQ) = le(\/yTyQ)fxz(\/:yT 1- yg)

y1Y3 yi(1—y3)
—2 2% ¢ 27
W W 2@
Y1
- 202 o Tyzl(y1>0,—1<y2<1)(y1,92)
2

which completes part (a).

(b) Notice that the joint density found in (a) can be factorized into two terms, where the first depends
only on Y7 and the second depends only on Y5. Therefore, Y7 and Y5 are independent.

Recall the geometric meaning of Y7 and Y. Independence then means that the length of the radius and
the cosine of its radius do not affect each other.

Order Statistics

Problem 3.4.2. Let U;, i = 1,2,... be independent random variables that follow Unif(0,1). Let X have dis-

tribution P(X = z) = %, rz=1,2,... where c = %. Find the distribution of Z = min{Uy,Us,...,Ux}.

Note that for this example, the sample size is not fixed, and instead depends on X. To get the distribution
of Z, we must condition it on X so the sample size becomes fixed.

As each Uj; is continuous, Z is continuous as well. Also, since the range of each U; is (0, 1), we have that
the range of Z is also (0, 1).

If we find P(Z > z), then 1 — P(Z > z) will be the CDF, and the PDF may be derived from that. To
get this probability, we will condition Z on X. So, for z € (0, 1):

P(Z>z):§:P(Z>z|X:x)P(X:x)

r=1

If we know that X = z, then Z = min{U;,Us,...,U,}, and we want Z > z. If the minimum of U;,
i =1,2,...,x is greater than z, that is equivalent to U; > 2,Us > 2,...,U, > z, so we have:
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P(Z>2) =Y P(Uy>z2U;>z,....Us > 2)P(X =)

r=1

And since all U; are independent and identically distributed:

(o)
P(Z>z) =) (P(Uy>2)"P(X =)
=1
Notice that P(U; > z) =1— P(U; < z). P(Uy < 2) is the CDF of Uy, so P(U; < z) = z since z € (0, 1).
Plugging this and the PMF for X in, we get:

o Y

Finally, we need to do the summation over . Recall that the Taylor Expansion of e¥ is eV =)~ | T

If we adjust the bounds of the summation and let y = 1 — 2, we have:

P(Z>Z):6i1 <Z(1;|Z)x_1>

Now we may find the CDF from 1 — P(Z > z), and from there get the distribution of Z.

Method of Moments
Problem 3.4.3. Suppose Xi,..., X, are iid with density

1
flz]0)= 51{0<w<0}7 6> 0.
Find the method-of-moments estimator of 6.

This is the Unif(0, #) model. Its first population moment is

0

E[X4] = 3.

The method of moments equates this to the sample first moment X,,, so
- 0
Solving for 6 yields the estimator R -
v = 2X,.

A useful takeaway from this example is that it helps to know the first few moments of common distributions,
since method-of-moments estimators are often obtained immediately from those formulas.
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Maximum Likelihood Estimation

Problem 3.4.4. Suppose there is one observation X ~ N(0,0%) with ¢ > 0. Find the maximum likelihood
estimator of o.

The likelihood is

1 x?
L(J|x):maexp 952 ) o>0.

The log-likelihood is
2

Yo | z) = —log(v2ma) — %2
Differentiate with respect to o:
1 22 22 — o2
‘gl = —— _—=s —
(0]z)=-—+-3 =

The critical point satisfies

llolz)=0 <= 2°=0¢> <= o=z,
since o > 0.
To check that this critical point is a maximizer, note that

V(o] x)>0when 0 <o < |z, V(0| ) <0 when o > |z].
Thus the log-likelihood increases up to o = |z| and decreases afterward. By the first derivative test,

oMmLE = | X]|.

3.5 Exponential family

Previously, we discussed how to estimate parameters by introducing 'Maximum Likelihood Estimators’ and
"Method of Moment Estimators’. Now, we will discuss a particular family of distributions that will allow us
to easily derive the MLE. This distribution allows a shortcut from our typical procedure for finding MLE
(discussed in a previous lecture).

An exponential family is an important class of probability distributions with a specific form, which is
equipped with its mathematical convenience by its algebraic properties, such as the calculation of expecta-
tions and covariances through differentiation. More importantly, we will show that this class of distributions
naturally determines complete and sufficient statistics in the later sections. In this section, even though we
only consider continuous variable cases for the proof, it can include discrete variable cases.

The probability density function of an natural exponential family is given by

0 othernise = EPT(@) = A@) + S(2) Ha ()

i) {exp{nT(x) ~A@) +8@),  wed,

where 1 € 2 and the following properties are satisfied:

(i) The support X = {z : pdf(z;n) > 0} does not change with respect to the parameter 7.

(ii) The parameter space (2 is an open interval on the real line.

(iii) Var,(T'(X1)) > 0, i.e., T(z) is not a constant function.

We call  the natural parameter, and A(n) the log-partition function. Later, We will see that T'(z) is a
sufficient statistic for . When we have the R.V. following from a family distribution, we use the
subscript to emphasize the expectation is taken when the R.V. is from a pdf with a particular
parameter. For example, E, and Var, in (iii) above means X; ~ pdf(z;n).
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In many cases, the parameter 1 used in the expression of the exponential family is given by a one-to-one
transformation g as n = g(f), 6 € ©, thus, the probability density function parameterized with the natural
parameter 6 is given by

B(230) = exp {g(O)T(x) — A(g(8) + S(2)}, z€X, BeQ.
(i) The support X = {x : f(x;0) > 0} does not change with respect to the parameter 7.
(ii) The parameter space O is an open interval on the real line.
(iii) Varg(T(X1)) > 0, i.e., T'(z) is not a constant function.

Remark 3.5.1. Although we only wrote out the probability density function above, implying that we only
care about the continuous RV, the same will apply for discrete distribution i.e. probability mass function
(pmf). Our support will change to reflect discrete points, but everything else will remain the same.

Many common families introduced in the previous section are exponential families. These include the
continuous families—normal, gamma, and beta, and the discrete families—binomial, Poisson, and negative
binomial.

Example 3.5.2 (Bernoulli). To show that Bernoulli distribution is part of the Exponential Family, we must
first write out the distribution in its normal form, and check that properties 1 - 3 are satisfied.

p r=1

pmf(z;p) =p*(1—p)'7" = {1 —p =0

We will now try to write our pmf in the particular form given in part 2. To start we will use the fact
that a = €/°9() . Our new probability mass function is as follows.

pmf(z;p) = etlog(p) [(1—z)log(1—p) _ zlog(p)+(1-z)log(1-p)

From here, we compare to the Exponential Family pdf. If we had stuck with the Natural Exponential
Family, there would be no way for us to write the pmf as a function of p times the function of x, so instead
we will rewrite it in the form of the Exponential Family pdf.

pmf(z; p) = evlos®)+(1=a)log(1-p) (3.11)
_ emlog(p)+log(1—p)—ﬂﬂlog(l—lﬂ) (312)
— rlog(725)+log(1-p) (3.13)
So
T(x) =z
A(g(0)) = —log(1 - p)
S(z) =0

X = {0,1} , this satisfies property 1)
€ (0,1), this satisfies property 2). It is important to note that if p € [0,1], then it would not be an
exponential family.

If X ~ pmf(x;p), then we have
Vary,(T(X)) =Vary,(X)=p(l—p) >0

which satisfies property 3).
Thus we conclude Bernoulli(p) with p € (0,1) belongs to exponential family.
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Example 3.5.3. Example 3.5.2 (cont)
For natural exponential family formulation, we apply the transformation

=1 .
n=log

Then,

¢"(1-p)=p
e’ =p(l+e)

67]
T 14en

p

Then the probability density function with 1 becomes

pmf(x;m) = ¥rHos(1= ) (3.14)
— enztlog(iian) (3.15)
_ ene—log(l+en) (3.16)

That is,

pmf(z;n) =exp{nr —log(1+e")}, x=0,1, —oo<n< oo (excercise: check the space of 7 by yourself)

So
T(x) =
() =log(1+ )
S(z) =0

X ={0,1} , this satisfies property 1)
n € R, this satisfies property 2)

e 1
Var,(T(X)) = Var,(X) = p(1 —p)|p:% = Treite >0

this satisfies property 3)

Example 3.5.4. Note unif([0, §]) is not exponential family since the support depends on the parameter.

Lemma 3.5.5. Suppose X has pdf in the natural exponential family

pdf (z;n) = exp(nT (x) — A(n) + S(x))1x ().

Then

and
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Proof.
Mr(x)(s) = Ele’™™)]

:/ e* T pdf (z;n) da
_ /oo 6ST(I)€77T(CD)*A(77)+S(I)1/\5(1') dx
_ /°° HANT@ =AM+ L (1) dr
—00

_ / T HNT@-AlAD S (@] () Al -A) gy

= eAlstm—Am) / pdf (x; s 4+ n)dx

— 00

= Alnts)—Amn)

Method 1: Using the moment generating function. Taking derivatives,

_ eA(s+n)—A(n)A’(s + n)|S:o = Al(’?)~
s=0

E,[T(X)] = d%mng(X) (s)

Method 2: Using the cumulant generating function.

cgfrx)(s) =log Mr(x)(s)

= A(n+s)— An)
Thus

= A'(s +1)]s=0 = A'(n)

E\T(X)) = feofroo(e)|

and

2
Var(T(X) = Teofron(s)| = A"+ m)lamo = A ()

s=0

Example 3.5.6. Bernoulli Distribution (using example 3.1 set up)

pmf(x;p) = exp(zlog——) +log(1 — p));z = 0,1

1-p

P <=>p= c
1—p p_l—ﬁ—em

1 = log
pmf(x;n) = exp(an — log(l+€"));z =0,1

then: T(X) =z, A(n) = log(1 +¢€"),S(x) =0
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By Lemma,
X ~ pmf(z;n)
, 1 " el
B T(X) = B X = A(g) = e = =
X ~ pmf(z;p)
Then,
el

E,X = E,T(X) =

1+ en —P

Also by Lemma,

_ AN _ 1 _ d -1\ _ -2 _ e’
Var,T(X) = Var, X = A"(n) = d—n(l - 1—1—76’7) = _dn((l +eM) ) = —(=1)(1+e") %" Trer
X ~ pmf(x;p)
Then,
e'l 1 1 e’
Var,(X) = 1o =P =P - ) =rd-p)

3.5.1 Maximum Likelihood Estimation for exponential family

Recall the standard procedure for finding the maximum likelihood estimator.

1. The likelihood function is given by
L(0; X1, ..., Xp) = [[ £(X5:0).

2. The log-likelihood is

005 X1, ., Xn) = D log f(Xi56).

i=1
3. Differentiate and solve the likelihood equation

d
—00; X41,...,Xn) =0.

a0 ( 3y A1y ) n)

4. Use the second derivative test (or other arguments) to verify that the critical point is a maximizer.

For distributions in the exponential family, these steps can often be simplified and reduced to solving a single
equation.

Theorem 3.5.7. Let X1,...,X, be i.i.d. with pdf

f(xin) = exp{nT'(z) — A(n) + S(x)} L ().

Then the likelihood equation reduces to

If a solution n = h(Xy,...,X,) exists, then it is the mazimum likelihood estimator of 1.
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Thus, instead of carrying out the usual maximum likelihood procedure step by step, it suffices to solve
1 n
= - E T(X
n -
1=1

This allows us to bypass the usual steps of computing and differentiating the likelihood, and if a solution
exists, the theorem tells us that it is the MLE of 7.

Proof. Let X1,...X,, be i.i.d with pdf

f(x;n) = exp{nT'(z) — A(n) + S(x)} Lx ().

Then the likely hood and log-likelihood functions are as follows

L(n, X1,...,X,) = Hexp(nT(x) —A(n) + S(z))1x(x)

L(n, X1, ..., Xn) = exp( ZnT i) —nA(n Z (z4)) HlX
by Xq,.., X)) = ZnT(zi) —nA(n) + Y S(w:)

0 " ,
8775(77;)(1, o X)) =Y nT(w:) —nA(n)

So, to find the critical point we set é(n, X1,...,X,)=0

ST () —nA'(n) =

or equivalently

> nT(zi) =nA'(n) <=> — ZnT (n)
=1

As you can see, this matches Theorem 2.3. So, a critical point is defined by the equation above. The
next step is to prove that this critical point is the maximum. We will show this with a second derivative
test.

82 6 - ! 1
67772£(77’X1’ ey Xp) = 8777(; nT'(z;) —nA'(n)) = —nA"(n)

By the assumption that this distribution is of the exponential family, we can say that

A'"(n) =Var,(T(X)) >0

So —nA(n) = —nVar,(T(X)) < 0 Therefore, by the second derivative test, the critical point is the
MLE O
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Example 3.5.8. Let Xq,...X,, be i.i.d with pmf

pmf(z;p) = p*(1—p)' "1x(2),X = 0,1
In the general exponential family

pmf(x;p) = expllog( ) +log(1 — p) L (@)

e
1+4em

To get it in natural exponential family form 7 = g(p) where g(p) = log(7%;). This means that p =
By substitution we get

f(z;n) = exp(nz —log(1 +e"))1x(x)
And

1 e 1 1
!/ I ) _ —_ _ T
A(n) = - ZT(%) <=>7 P ZT(mZ) = T = Ty
=1 i=1 i=1
Solving for n we get

=1 .

1= log(— 7n)
So the MLE is ~
X

A—1 n_ )

i = log(— Xn)

Denote Eg(h(X)) when X ~ f(x|6) the general exponential family. It is a slight abuse of notation, since
E,(h(X)) when X ~ f(z|n) the natural exponential family.

Lemma 3.5.9. Let X1,...X,, be i.i.d with f(x|0) the general exponential family. Then Eg(T(X)) = A’(g(0))
Proof. By change of variables since n = g(6)

Ey(T (X)) = Ey(T (X)) = A'(n) = A'(9(0)),
where the first step follows since X ~ f(z|0) is exactly the same as X ~ f(x|n). O

Theorem 3.5.10. Let Xq,..., X, be i.i.d. with pdf

f(x;n) = exp{g(0)T'(z) — A(n) + S(z)} Lx(z).

Then the likelihood equation reduces to
1
Allg(m) = Eo[T(X)] = ~ > T(X)).

If a solution 0 = h(X1,...,X,) exists, then it is the mazimum likelihood estimator of 7.
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Proof. Recall n = g(), § = g~'(n). By the invariance principle

Orice =9 (ML)

n n

Alnre) = 5 3 Tw) <=> AlgOee) = > T(w).

i=1 i=1

So 6 v LE is the solution to the following equation

Eo(T(X)) = A(9(0)) = 3" T

O

Example 3.5.11. By the above theorem, the MLE for p is the solution of E,(T(X)) = £ " ( ;). Since
T(z) = x, the equation becomes: E,(X) =1 3" | 2;. We also have E,(X) =p. Thusp=13"  X; = X,,.

n

Example 3.5.12. This is an example for the exponential distribution, not to be confused for the exponential
family. Let X7,...X,, be ii.d with pdf(z | 0) = ae - 1(0,00)(x) This is obviously of the exponential family,
with general exponential form of

1 T
eXp(log(g) - 5)1(0,00)(55)
Let g() = —§ =, so the natural exponential form is
exp(log(—n) + 1)1 (0,00) ()

T(z) = x,A(n) = —log(—n),S(x) = 0, support = (0,00) The three properties of the exponential family are
satisfied by the exponential distribution so the above distribution is of the exponential family.

1. The support (0,00) does not depend on 6
2. The parameter space {2 = (0,00) is an open interval on the real line

3. Var,(T(X1)) > 0, or equivalently T(x) = x is not a constant function.

So we can do the following.
1 n
-5
n <
i=1

Since E@(X) = 9, éMLE = Yn
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Chapter 4

Sufficient Statistics and comparisons
of estimators

4.1 Sufficient statistics

When estimating parameters using a random sample X7, ..., X, if the estimator can be fully and precisely
determined by using only some function of the sample, it may be advantageous because we only need the
value of the function.

For example, to store X,, and S? needs much less space than the whole sample (X1,..., X,,).

This concept of data reduction leads to the notion of sufficiency. Suppose X7,...,X,, are iid with probability
distribution function f(z|f). The central idea is to find some statistic such that information about 6 is
preserved.

Definition 4.1.1 (Sufficiency Principle). If T(x1,...,z,) is a sufficient statistic for 6, then any inference
about 0 should depend on (X7, ..., X,,) only through the value of T(Xy, ..., X,,). That is, if (x1,...,x,) and
(y1, .-, Yn) are two sample points such that T'(z1,...,x,) = T(y1,-..,yn), then the inference about 6 should
be the same, whether (X1,..X,,) = (1, ...,2n) or (X1, ..., Xp) = (Y1, .-, Yn)

Definition 4.1.2. For a probability density function f(x;0) with parameter § € Q from the sample
X1,...,X,, the statistic Y = u(Xy,...,X,) is sufficient for 6 if

P, (X1,...,. X)) T €AY =9)=Pp,((X1,..., X)) T € A|Y =y) VA,y, and V6,0, € Q.

Equivalently, if the conditional distribution of (X1, ..., X,,)7 given the statistic Y = (X1, ..., X,) = y does
not depend on 6 € Q, we call Y a sufficient statistic for 6 € Q.

In simpler terms, this means that 6 does not depend on (Xj,...X,,), if Y is known. This is discussed in
more detail in the next lecture.
Provide some intuition.

Example 4.1.3. Consider a random sample X, ..., X,, from a Bernoulli distribution with parameter 6,
0 <6 < 1. Then,
Y =31 | X; follows Bin(n, ) and

PXi=z1,... X, =x,,Y =y)

P@(Xllea"'aXn:xn|Y:y): P(Y:y)

P(Xy=21,... X, =2,,Y =) -
= * 1(y = E T;
P(Y =vy) ( P )

61
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H?:l 0" (1 - 9)1_% * 1?!:2?:1 T;

(2)9@/(1 — @)y

_OZEm (1 — )Rk Uy = S0 )
(1) i (1 — )i o

1(y = Z:‘L:l -Tz)
(;)

Since this does not depend on 6, Y is a sufficient statistic for 6 by definition.

Given the likelihood function, how can we find a sufficient statistic?

Theorem 4.1.4. Suppose X1,...,X,, are iid with probability distribution function f(x|0) for 6 € R. Then,
Y =u(Xy,..., X)) is a sufficient statistic for € R if and only if there exists two functions ki, ko satisfying

LO)|z1, ..., zpn) = Hf(xl|t9) = ki(u(x),0) * ko(x)

i=1
= (x1,...,2p), V0 € R.

Proof. We will only prove the case when Xi, .., X, are discrete R.V..

(<=):
Py( X1 =21,.., X =x,|Y =)

PQ(Xl =71, 7Xn = x?’LaY — y)
P(Y =y)

_ Py( X1 =x1,... Xpn =20, Y =y) * 1y = u(x1, ..., Tp))
PY =y)

PQ(XI =T1y.- Xn = wn) * ]-yzu(a:l,...,xn)
PY =y)

. kl(u(xl, ...,:En), 9)]412(1‘1, ceey zn) * ly:u(wh...,mn)
Pu(Xy,..,Xn) =v)

Z ={(21, s 2n) 1 u(21, -y 2n) = ¥y)}

_ ki@, @), Ok (21, o T0) ¥ Ly
Z(zl,...7zn)ez P(Xl = Zl""?Xn = Zn)

_ kl(u(l'l, ~"7xn)7 a)kQ(xla 7xn) * 1y:u(zl,...,mn)
Z(Z1,---,Zn)€Z ky(u(z1,...2n), 0)ka (21, vy 20)

= kz(xl’ "T") * ly:u(lh---,xn)
Z(Zla"wzn)ez k2(215 7Zn)

Therefore, Y = u(X1, ..., X,,) is a sufficient statistic for 8 €

(=):
Assume Y = u(X7, ..., X,,) is sufficient for § € R. Therefore,

ko(z1, ..., xn) = Po(X1 = 21, .., Xpy = 2|Y = u(aq, ..., x,))
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is independent of 6. Additionally, we let

ki(y,0) :== Po(Y = y).
Then,

Py(X1=21,..., Xy = 20)
=Py(Y =u(xy,....,x,)) * P(Xy =21, ..., Xy = 2 |Y = u(xy, ..., 20))

=ki(u(x1, ..., xn),0) * ka(x1, ..., 20)

O

Remark 4.1.5. The above theorem also applies that when the data are not iid. As long as the joint
distribution factorizes, the conclusion still holds.

Example 4.1.6. Consider a random sample X7, ..., X, from a Poisson distribution with parameter 6 > 0.

- e e 5 g2 i1 Ti

e | e Vi)

i=1 i=1 :

) S 1

a H?:1(mi!)

Define
ki (y,0) = e "%9Y
and
ko (z Tp) = !
1y--3%n) = =
? [Tz (i)
Thus

Hf(iﬂz‘;9) =k (inﬁ) Hl%
i=1

i=1 i=1
Therefore, by the Factorization Theorem, Y = Y7 | X is a sufficient statistic for § > 0.
When the support depends on the parameter, one has to be careful by using indicator function.

Example 4.1.7 (Example 6.28 (Uniform Sufficient Statistic)). Consider a random sample X, ..., X,, from
Unif(1,2;....,0) with pmf(x|0) = %, x€{1,2,...,0}:= Zy.

[Tpmf(ailo) = ein | JREAS
i=1

i=1

n n

(H 1N(X7,))1mam(x1§6‘)

—_
I
B3
—~
>
-,
~
|

where N is the natural number.

n

TTomsaile) = o (T (o)) = (100 (mar(X2)

i=1 i=1
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If we let 1
k1(y,0) = 25100 ()
and
u(w1, .., xn) = maxX; = Xy
and .
ka(ar,. . wn) = [ ] 1 (i)

i=1

then

ein(H I (@) * (10,0 (maz(X;))) = k1 (X, 0) * k2 (1, .oy )
=1

Thus, Y = X(,) is a sufficient statistic for 6.

Remark 4.1.8. (1) Y = u(Xy,...,X,) can be a vector; 6 can also be a vector. Typically, if § has k
components, we need k sufficient statistics. For instance, if

X1,..., X, ~ Gamma(q, 3),
then 0 = (a, 8) and we need a vector of sufficient statistics.

(2) In the last lecture, we assumed the data are i.i.d.:

n

Flr, . an) =] £l | 0).

=1

In fact, the i.i.d. assumption is not needed. The only thing required is that the joint pdf can be
factorized into the two terms ki and k5. As long as we can write down the joint pdf, the conclusion
still holds, even when the data are not i.i.d. That is, ¥ = u(Xy,...,X,,) is sufficient for 6 if and only
if

flzr, ...,z | 0) =k (u(xl, ... ,xn)ﬂ) ka(x1, ... 2n).

Example. Consider observing the order statistics X(y),..., X(,) instead of the original i.i.d. data. The
order statistics are not i.i.d., but we still have a formula for their joint density:

fX(l)‘r'-wX(n) (yl? <o Yn | 9) =

Since we can write down this joint pdf, we can apply the factorization theorem directly to find sufficient
statistics, even though the data are dependent.

4.1.1 k-parameter Natural Exponential Family

We can also define the multivariate exponential family. The probability density function is given by

k
pdf(x;n) = exp anTj(x)—A(n)—i—S(x) , reX, n=(n,...,m)7 €N

j=1

where the parameter 7 satisfies

(i) The support of the distribution X = {x : pdf(x;n) > 0} does not change with respect to 7.

(ii) The sample space € contains an open k-dimensional region in R* defined by the Cartesian product
of intervals (a1,b1) X -+ X (ag, bg)-



65

(iii) For any real constants ci,...,ck, the linear combination ¢! T'(z) = ¢;T1(2) + -+ - + cx Tk (x) is not a
constant. That is, for any nonzero vector ¢ € R¥, the variance is positive:

Var(cIT(X)) >0 VeceRF c#0.

This condition is equivalent to that cov(T(X), T (X)) is positive definite.

Key idea. Previously we defined the exponential family with a single natural parameter 7 (that is, k = 1),
so the exponent contained just nT'(x). Now we generalize to k parameters. This is important because many
common distributions, such as N(u,o?), have more than one parameter.

Equivalently, in terms of the original parameters 64, ..., 0,

k
f(x|01,...,0,) = exp Zgj(el,m,@k)Tj(I)*A(91(917--~,9k)7~--79k(‘917--~,9k))+5(I) Lx(z).

The change between this two parametrizations are

nj = gj(01,...,0k), j=1,... .k

Example 4.1.9 (Example: N(u,0?)). We want to show that N(u,0?) belongs to a 2-parameter exponential
family. Start with
1 _ 2
exp (_@5)) .
V2o 20

Step 1: Combine into a single exponential. Using a = €!°8¢, rewrite the leading constant:

fla|po®) =

f(@ | 1, 0%) = exp(—log(v2r) —log o) - exp (_W> :

202

SO

T — )2
f@ | p,0®) = exp (—log(m) —logo — (”)) -

202

Step 2: Expand and rearrange.

2 —2ux + 12
f(o | po?) = exp (—logmw) logo - 2,’;”)

202 o 202
2

2 2
= exp (—1og(\/27r) —logo — e M)

Reading off the exponential family components:

1 1 ) Iy ( )

all — — (1 . —1 27 ) .

02 +< 202)\/33 (Oga+202>+\ _ogr_ﬂ,
N~ Ti(z) e —— T2 (7))  —_——

g1(p,0?) g2(p,02) A(g1,92) §(=)

Therefore,
N(p,0?)

belongs to a 2-parameter exponential family. [J
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4.1.2 Sufficient Statistics for Exponential Families

Theorem 4.1.10. Let X1, Xs, ..., X, bei.i.d. samples from a distribution belonging to an exponential family

f(z|0) =exp Zg] A(g1(0), -, 91(0)) + S(2) | 1x(2).

Then the sufficient statistic for 6 € © is

(iTl(Xi)viTQ(Xi), RN iTk(Xz)> .

=1
Proof.
[TsG:16)=T] |ew Zgj — A1 (0., 9:(0)) + S(2) | Lac(as)
i=1 =1
So,
n k n n n
[Tr@i10)=exp > g;(0) Ti(x:) —nA(g(0),....9x(0)) + > Sa:) | [] 1 (2:)
i=1 j=1 i=1 i=1 i=1
k n n
=exp [ > g;(0 ZT ) —nA(g1(6),..,gx(6)) | exp <ZS(%—)> [[1xG
j=1 = i=1
kl(Ylyn-»kae) kQ(xl,...,mn)
where
Y; =Y Ti(X:), j=1,....k
By the Factorization Theorem, the proof is complete. O]

Example 4.1.11 (Example: N(u,0?) continued.). We found

So by the theorem, the sufficient statistic for § = (u,0?) is
(Lwy).
i=1 i=1

Question. Will (X,,,S2) be sufficient for (i, 02) in the previous example? More generally, is the sufficient
statistic unique?

4.1.3 Non-Uniqueness of Sufficient Statistics
Theorem 4.1.12. Let Xq,...,X, b f(x]0), 0 €©. Then for any one-to-one function h,
W =h(Y)

is also a sufficient statistic for 6 € ©.
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Proof. For all A and for all y,
Pg((Xl,...,Xn) EA|Y =y)

does not depend on 6 since Y is sufficient. Now For all A and for all w

Py(X1,.... Xn) €AW =w) =Py((X1,...,X,) €A h(Y) = w)
=Py((X1,....,Xn) €AY = h™H(w)),

which does not depend on 6.
Hence W is sufficient for 6 € ©. O

Example 4.1.13 (Example: N(u,0?) continued.). We know that

(V1,Ya) := (inZW)

is sufficient for (u,o?). It holds that

and

1 2 _ 1 1
2 2 2 _ 2
Sn_n_1<§ Xi—an>_n_1<Y2_nyl>.

It is easy to see that the two-dimensional map from (Y1,Y3) to (X,,S2) are one-to-one. So by the above
theorem, (X,,, S?) is sufficient for (u,o?).

4.2 Methods of Evaluating Estimators (Section 7.3)

We will continue the topic explored briefly in the last lecture: methods of evaluating estimators. Our
motivation is to compare different types of estimators. Previously, we introduced MLE and MME. However,
there are more types of estimators out there.

Key Questions. Since we have different options for a single parameter we seek to estimate, which
estimator should we choose? In many cases, different methods of finding estimators will yield different
results. How do we decide which method is better?

Definition 4.2.1. (Bias). The bias of a point estimator W of a parameter 6 is
BiaSQW = E@W — 0.

An estimator with BiasgW = 0 for all 0 is called unbiased.

The bias of an estimator is a function of 8 if we let 6 changes.

Example. Let Xi,...,X, be from a distribution with mean u and variance o2 < co. Then
EX,|=p,  E[S2] ="

So X, is an unbiased estimator for p, and S?2 is an unbiased estimator for 2. [J
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Mean Squared Error
MSE(W, ) := Eg[(W — 0)*] = Eg[(W — EgW + EgW — 6)?]
= Eo[(W — EgW)?] + (EgW — 0)?

because the cross-term vanishes. Therefore,
MSE(W, 8) = Varg (W) + (Biasy(W))”.
This gives the following interpretation:
MSE = Variance + Bias®.

Definition 4.2.2. (MSE). The mean squared error (MSE) of an estimator W of a parameter 6 is the function
of 6 defined by
Eo(W — 0)* = VargW + (EgW — 0)* = VargW + (BiasgW)?.

The MSE of an estimator is a function of 6 if we let 6 changes.
MSE has 2 main advantages over other distance measures:

1. Tt has a nice interpretation - if the MSE is small, then our estimator has a small variance. This means
our estimator is close to its mean. Moreover, the bias is also small. Hence, the mean is close to the
true parameter (EgW = 6).

2. Tt is easy to calculate (easy to differentiate w.r.t. 6) since it is squared.

Remark 4.2.3. You may consider some other possible distance. For instance, we may choose to calculate

the absolute value instead:
Eo|W —4|.

However, it will not be easy to differentiate (we lose the 2nd advantage of MSE). Thus, although there are
many other possible candidates, MSE is most popular in practice. In this course, we will focus on MSE.

4.2.1 Calculating the MSE

Example 4.2.4 (Normal MSE). Let Xi,..., X, be ii.d. N(u,0?). The sample mean X,, and sample
variance S?2 satisfy )
EponXn =t EuonSy =07

which was established previously. That is, X,, and S2 are unbiased estimators of y and o2, respectively.
Since X, is unbiased,

0.2

E(M,UQ)(Xn - H)Q = Va'r()_(n) = e

Check previous lecture notes for this calculation. Therefore,

0.2

even if the normality assumption is dropped.
Ounly under normality (normal distribution),
(exercise) 204

Var(Si)

n—1"
Therefore,
20
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Although unbiased estimators are often reasonable from the standpoint of MSE, controlling bias alone
does not guarantee that the MSE is small. In some cases, a small increase in bias can produce a larger
decrease in variance and hence a smaller MSE (a concept known as the bias-variance tradeoff).

Example 4.2.5 (Continuation of Example 2.1). For Xi,..., X, u N(u,0?), the maximum likelihood
estimator of o2 is

Its expectation is
B(s?) =21
n " n ’

E&* =
where 62 is a biased estimator of o2 that on average always underestimate o2.

Its variance is

Var(6?) = Var (” - 13};) = ("; 1>2 Var(S?)

n
(n-1\? 20"  2(n-1) ,
o n n—1" n? 7
Hence,
MSE(5%) = E[(6% — 0*)?]
= Var(6?) + [(Bias(6?))?
2
2(71;1) iy (n—102_02)
n
2n—1) , 1 ,
T2 * n2?
2n—1 4
=— 50
and
MSE(S?) = Var(S?) + [Bias(52))?
= Var(S?)
_ 204
Con—-1
Since
2n—1 2
n? n—1’
we obtain

MSE(6?) < MSE(S?) for all 02,

showing the biased estimator 62 has smaller MSE than the unbiased estimator S2. Thus, MSE is improved
by trading off variance for bias.

This comparison does not imply that S? should be abandoned as an estimator of o2. The argument only
shows that, on average and under squared-error loss, 62 is closer to o than S2. Since 62 systematically
underestimates o2, one may still prefer S2 in some contexts.

Thus, the goal is to gather more information about the estimators in hopes of choosing a good estimator
(since no absolute answer can be obtained).



70

Example 4.2.6. In example 2.2, we have a function uniformly smaller than the other function. Here, MLE
is clearly a better method than sample variance. Note that this is only true on a particular domain, where
one MSE is smaller than the other. We provide an example where such a comparison is not straightforward.
Let Xi,...,X, beiid N(0,1) where § € R. We know the typical estimator is

él = Xn

Let’s define our second estimator

92 = 0.
We predict our unknown parameter to be 0 (although in principal, this estimator is naive). Now, by the
previous example
N 1
MSE(61) = —.
n
Let’s calculate MSE of the second estimator. By definition,
MSE(fy) = E(fy — 0)> = E(0 — 0)? = 6%
1
If |10] < T ) )
MSE(0y) < MSE(6y).
1
If |0] > T ) )
MSE(0,) < MSE(6).
The MSE of the function parameter 6 is only smaller on some domain and depends on the value of the true

parameter, which is unknown. In other words, it is typically hard for us to determine the best estimator in
terms of MSE, because it may vary by the domain.

4.2.2 Best Unbiased Estimators

One way to approach this problem is to constrain the space of all possible estimators. Thus, we can constrain
our candidates to be unbiased estimators.
Let us consider only unbiased estimators. What is the "best” unbiased estimator? Recall that if W is
unbiased of 6,
MSE@(W) = V(l?”g(W).
Among all possible unbiased estimators, we want to find the estimator with the smallest MSE. Therefore,
we essentially want to find the estimator with the smallest variance. We want this to hold for any 6.

Definition 4.2.7. An estimator W* is a best unbiased estimator of 7(#) if it satisfies:

1. EgW™* = 7(0)

2. Varg(W*) < Varg(W) for any other W unbiased estimator of 7(#). This holds for all 6.
W* is also called a uniform minimum variance unbiased estimator (UMVUE) of 7(6).

T/F Question. 7(0) is a UMVUE.
False. 7(6) is not an estimator. Recall that an estimator is a function of (Xi,...,X,,) that does not
depend on 6.

4.3 Cramer-Rao Lower Bound

In this lecture, we introduce the concept of the Uniformly Minimum Variance Unbiased Estimator (UMVUE),
define the Fisher information number, and state and prove the Cramér—Rao inequality. This provides a
fundamental lower bound on the variance of any unbiased estimator, which we use to identify UMV UEs. We
close with an example for the Poisson distribution.

Before we prove the Cramér-Rao Inequality, we will introduce some concepts
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Definition 4.3.1. Consider (X1,...,X,) ~ f(x1,...,2,|0), where f denotes the joint density (or mass)

function. Define:

1,(0) ==Ky [(aao logf(Xl,...,Xn|9))2]

This is called the Fisher information number.
The quantity

0
1ng($1,...,$n | 9)

5(9‘1‘1,...,.’17,». 89

is called the score function.

Proposition 4.3.2. Let (X1,...,X,) ~ f(z1,...,7,]0).
Assume we can switch order of differentiation and integration. Then:

()

0
Ey [aelogf(Xl,...,XnW)} =0

(b)
I,(6) = Var ((,;99 log f(X1,... ,Xn|0)>

82
= Eq |: 1ng(X177Xn9):|

062
Proof. (a) Using the identity -2 59 L ogf = ’9@ f , we write
0 0 . -
8elogf(Xl,...,Xn\Q) :/a— g f(z1,...,2n|0) f(z1,..., 2, | 0)dxy - dzy,

f@1,.. wn | 0)day - day,

chain rule / %JF(II;L vy I ‘ 9)

f($17...,$n|9)
0 -

— [ gpfer o | O)dar +-da,
0 _
a—/f(xl,...,xn|9)d:c1---dxn
9

—%(1)

-0

(b) Since the score function has mean zero by part (a), its variance equals its second moment, which is

I,(6) by definition. It remains to show that I,,(8) = Ey [—g—; log f] Recall the quotient rule:

d (U(9)> _ w(0)v(0) — u(0)v'(9)
do \ v(9) v2(0) '
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Differentiating the score function with respect to 6:

d? 2 F o (27)?
wbgf:aef ff2 (80f)'

Therefore,

0? _
Eq [_wlogf(Xlﬂ . 9)]

02 _
:_/wlogf(m,...,xnIﬂ)f(asl,...,zn|9)dx1...dxn

__/ gTi;f(UCla--wxn\H) (%f(xl,...,xn\e)f
f(x17--~717n|9) (f(ml,,xnw))Q

0%
= - @f(xlv . sy Tn | 9) dxl dxn
- /(g‘;ﬂxh. 2 0)
f_(xlv" 7xn‘9) ! "

"axnle)d,]jl...dxn
il 0\’
96 Liy..-,Tn —
_/<ajF(x11 _T ) f(x1,...,xn|9)dx1,,,dxn1

ey | 0)day - day,

[l
|
| — |
SRS
g%
)
—
8
=

|
|
| —— |
S
gl=
g
—
s
S

2
_/(éfglogf($1,,$n|9)> f($17,l‘n|9)dx1dxn‘|

2
—[0—/<88910gf(x1,...,xn|9)) f(x17...,$n|9)d$1"'d$n1

=y

o B 2
(&glogf(Xl,...,Xn | 9)> ]

Remark 4.3.3. If X1,..., X, i f(z|9), then:

n

F(X1,. . X0l0) = [] £(Xil0) = L(O | 21, ..., 2)

i=1
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and the log likelihood is

log f(X1,...,Xn|0) = > log f(Xi]0) = (0] X1, ..., X)
i=1

Then
82
10(0) = Ba |~ 5 log F(Xa..... X, 0]
32
—Eo |~ 55540 | X, Xa )}

= _%ZIng(Xi | 9)1

—Zm[%wwaeﬂ
= 7111((9)

4.3.2 Cramér—Rao Inequality / Lower Bound
Theorem 4.3.4. (a) Let W =W (Xq,...,X,) be any estimator satisfying

7E9 /39 xl,.. x")f(xl""’x"|9)]d$1"'d.1:n7

and Varg(W) < oco.

Then
(o W)°
Varg(W) > ae_rn(a)
(b) If W is unbiased for 7(0), i.e.,
Ey[W] = 7(0),
then /(02
Varg (W) > 7.00)
Proof. (a)

Recall the Cauchy-Schwarz inequality. For any two random variables X and Y,

(Cov(X,Y))? < Var(X) Var(Y)

(Cov(X,Y))?

which rearranges to Var(X) > Var(Y)

Choose

X=W Y= %bgf(xl,...,xnw)

Then
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(Cov(W,Y))

Var(X) = Var(Y)

Since Cov(W,Y) = E[WY] — E[W]E[Y] but E[Y] = 0, then:
Cov(W,Y) = E[WY] — E[W]E[Y]
=E[WY] (E[Y] = 0 from previous proposition)

9 _
E{W~8910gf(X1,...,Xn|0)

flzy,..., 2, | 0)

:/w(acl,...,xn)—gglogf(xl,...,xn\G)f(xl,...,xn|t9)dx1~-~d:cn
666 n
= e, Ty) 2L ooy | 0)dxy - - - dy,
/w(xh , ) Far. oz | 0) f(xy Zp | 0) dxy T

:/w(ﬂcl,...,wn) gf(xl,...,xnw)dxl...dxn

0
=0 [ ) A 60)day - d
_89 W \L1y...,Tp L1y..-3 Ty X1 Ly
0

Therefore, by Cauchy—Schwarz,

(Cove(W,Y))> _ (shEaW)”

VaoW) = @)~ L)

(b)

When W is unbiased for 7(6), we have LEoW = /(). Substituting into part (a) gives

(r'(0))
Varg(W) 2 [n(e) .

O

Remark 4.3.5. If we are estimating the parameter 6 itself, then 7(0) = 0 and if W is unbiased for 6, then

Varg (W) >

I,(0)

Example 4.3.6 (UMVUE for the Poisson Distribution). We have X,..., X, s Poisson ().
Goal is to find the UMVUE of A; that is, 7(A\) = .



(0]

Step 1: Compute I;(\). The Poisson PMF is f(z | ) = e 22

!

(M| x1) =log f(x1 | A)

e—A)\xl
= log X,

= —A+z1log A — log(z1!)

Then
8 I
all(A | Il) =-1 + 7
and
0? T
ozl (A1) = ’Y;'

Using Proposition 3.2,

1
A

Step 2: Apply the Cramér-Rao lower bound. By the remark above, I,,(A) = n - I;(\) = ¥. Since
7/(A) = 1, for any unbiased estimator W,

~ Step 3: Identify the UMVUE. We suspect X, is the best unbiased estimator. The sample mean
X, = 13" | X; satisfies EA[X,,] = A and

Vary (X,) = vanXn) A

n n’

Since X,, attains the Cramér-Rao lower bound, it is the UMVUE of A.
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4.4 Lehmann-Scheffé Theorem

In this lecture, we continue to expand on our understanding of the Uniformly Minimum Variance Unbi-
ased Estimator (UMVUE). We are introduced to the Rao-Blackwell Theorem, complete statistics, and the
Lehmann-Scheffé Theorem which, in tandem, allow us to construct improved estimators and ultimately the
UMVUE.

Cramer-Rao Lower bound presents a scenario in which we seemingly guess an estimator such as the
sample mean and then verify that its variance achieves the lower bound. Ideally, we would like a more
systematic procedure; this systematic approach is covered in today’s lecture.

4.4.1 Recall: Conditional Expectation

For any two random variables X and Y, recall that F[X | Y] is a function of Y and is itself a random
variable. Here is the reason why it is a function of y: denote ¢(y) := E[X | Y = y|, then E[X | Y] = ¢(Y)
and thus is a function of Y. Var[X | Y] is a function of Y by the same logic and it is always non-negative.

Properties of conditional expectation:
E[X]=E[E[X |Y]], (Law of Total Expectation)
Var(X) = Var(E[X | Y]) + E[Var(X | Y)]. (Law of Total Variance)

4.4.2 The Rao—Blackwell Theorem

Theorem 4.4.1 (Rao-Blackwell). Let W be any unbiased estimator of 7(0), and let T be any random
variable. Define ¢(T) = E[W | T]. Then:

(a) Eglo(T)] =7(0) for all 6.
Varg(¢(T)) < Varg(W) for all 6.
(b) If T is a sufficient statistic for 0, then ¢(T) is also an estimator and does not depend on 6.

In other words, the Rao—Blackwell Theorem implies that if we start with one random estimator W, we pick
any random variable, and we apply the theorem’s conditioning on it, then we get a new random variable for
which the mean is preserved and the variance is smaller. If we continue this operation, the conclusion should
ultimately converge, but we aren’t able to discern how or when this occurs without additional information.

Proof of (a). By (Law of Total Expectation),
Eo[¢(T)] = Eg[EIW | T]] = Eo[W] = 7() V6.
By (Law of Total Variance),
Varg(W) = Varg(¢(T)) + Eg[Var(W | T)].

We know Fjy (Var(W \ T)) is always a non-negative term so we can construct this inequality.

Varg(¢(T)) + Ey [Var(W | T)] > Varg(¢(T)) (4.1)
Varg(W) > Varg(¢(T)) V6 (4.2)
O

Since our goal is to get the best estimator, it should not be dependent on the parameter 6 by definition.
Even if the conditional expectation is employed, there remains a potential to depend on 6 and hence, not
even be an estimator. Therefore, we must pick our T strategically so we avoid dependency on 6.
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Proof of (b). Since T is a sufficient statistic, it follows from definition that (X1,...,X,) | T = ¢ does not
depend on 6. Hence, W | T' =t does not depend on 6, so

o(t) = Eg[W | T = 1]

is also not dependent on 6 and ¢(T') is therefore an estimator. O

4.4.3 Complete Statistics

Definition 4.4.2 (Completeness). The family of distributions {f(¢ | 0)}gecq is called complete if for any
function g,

Eo(T)) = [ glt)- £t 0)dz =0, ¥6 <9 (4.3
where T ~ f(t | #), implying that Py(g(T) = 0) =1 V6. Equivalently, T is called a complete statistic.

Remark 4.4.3. It is clear that g(7') = 0 is one solution for system of equations (4.3), the definition of
completeness states that g(T') = 0 is the only solution.

Example 4.4.4 (Completeness in Binomial Distributions). Let T ~ Bin(n,p), p € (0,1). Suppose E,[g(T)] =
0 for all p € (0,1):

Dividing by (1 — p)™ > 0 and substituting z = ﬁ € (0, 00):

ig(ﬂ(?)zt —0 Vze(0,0).

n

Since this polynomial vanishes on (0, 00), every coefficient is zero: g(t) (t) =0fort=0,...,n. Since (?) >0,
we get g(t) =0 for all t =0,...,n. Thus g(T) = 0. Therefore T is complete.

Example 4.4.5 (Completeness in Uniform Distributions). Let Xi,..., X, S Unif(0,0), 6 € (0,00). The
order statistics 7' = X, is sufficient for 6 (Exercise), with density (by order statistics theorem)
f(t | 9) = nt”_le_" 1[0’9] (t)

Suppose Ey[g(T)] = 0 for all € (0,00). That is

% %
0:/ g(t)t”_lnH_"dt:nH_"/ gt)t"tdt Vo e (0,00).
0 0

Since nf~"™ > 0,
0
h(0) = / g dE =0 Y0 € (0,00).
0

Differentiating: h/(0) = g(6) - "1 =0,V € (0,00).. Since "1 > 0, we have g(¢) = 0 for all € (0, 00).
Thus g(T') = g(X(n)) = 0. Therefore T' = X,,) is complete.
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Theorem 4.4.6 (Completeness in the Exponential Family). Let Xi,...,X, be #d from an exponential
family

k
f(x ] 8) = exp Zm‘(@)Tj(I) — B(0) + 5(x)

Then
T(X1,...,X,) = (ZT1(X¢)7 e ZTk(Xi)>

is complete and sufficient, provided the natural parameter space {n(0) : @ € R} has non-empty interior in
R”.
4.4.4 The Lehmann—Scheffé Theorem
Theorem 4.4.7 (Lehmann—Scheffé). Let T be a complete sufficient statistic for 6.
(a) If &(T) satisfies Eg|¢p(T)] = 7(0) for all 8, then ¢(T) is the UMVUE of 7(0).
(b) If W is any unbiased estimator of (), then E[W | T] is the UMVUE.

Proof of (a). Let W be any unbiased estimator of 7(). Define
9(T) := o(T) — E[W [ T].

Both ¢(T') and E[W | T are unbiased of 7(#) by hypothesis and Theorem 4.4.1(a), so Ep[g(T)] = 0 for all
6. Since T is complete, g(T") = 0 with probability 1 for any 0, i.e., ¢(T) = E[W | T] with probability 1 for
any 6. Then by Theorem 4.4.1(a),

Varg(¢(T)) = Varg(E[W | T]) < Varg(W) V6. O

Proof of (b). By Theorem 4.4.1(b), E[W | T] is a valid estimator and is a function of T. By Theorem 4.4.1(a),
Eo[E[W | T] = 7(0). Since T is complete, part (a) applies. O

Theorem 4.4.8 (Uniqueness of UMVUE). If Wy is a UMVUE of 7(0), then Wy is unique.

4.4.5 Indicator Function

Recall the indicator function,

r €A
1A(x):{(1) x;A

Some properties of the indicator function include:

1.

r €A &xe A
x €A &ad A
1‘¢A1&$€A2
x ¢ A & xd Ay

_ 1 z€A; NAy
N 0 I¢A10A2

1A1 (1’) ' 1A2 (gj)

O O = =
O = O =

=14,n4, (x)
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= Lp.(xi)

for any i € {1,2,...,n} and k € R
The above can also be extended to apply to restrictions on multiple x;s.

3. If X is a random variable then so is 14(X), and 14(X) follows a Bernoulli distribution.

14(X)

= {1 P(X € 4) ~ Bernoulli (IE”(X € A))

0 P(X¢A)
Since 14(X) follows a Bernoulli distribution with p = P(X € A) then,

E[14(X)] = P(X € A)

Example 4.4.9 (Example 2.1). Let X1,..., X, i f(z|0). Suppose we want to estimate 7(6) = Po(X > a).

Then 1(4,00)(X1) is an unbiased estimator of 7(0) as

as each X is iid (follows the same distribution).
For the same reason, X; can be replaced by any X; for i € {1,...,n}.

4.4.6 Examples
Example 4.4.10 (Example 1 (Uniform Distribution).). Let X3, ..., X,i.i.d.U(0,8), 6 € (0, c0).
Goal. Find the UMVUE of 7(9) = 6.

Solution (via Theorem 4.4.7). Per the previous lecture, the complete sufficient statistic is 7" = X(,,) =
max(X1, ..., X,), with density
n xnfl
foy(@) = —5o—, 0<a <0

Computing the expectation:

6 n—1 9n+1 2]
[X(n)]:/ x.nxn do = - -7
0

Hence ["FLX,] = 6 for all > 0. By Theorem 4.4.7(a):
n “*(n)

1
O(T) = "= X,y s the UMVUE of 6,
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Example 4.4.11 (Example 2 (Binomial Distribution).). Let X, ..., X,ii.d.Bin(k,0), 6 € (0,1).

k

Goal. Find the UMVUE of 7(0) = P(X; =1) = (1

)9(1 — )1 = k(1 — )k 1.

Step 1. The pmf of each X; is

flz|0) = (i)em -k x=0,1,...,k

Rewriting in exponential-family form:

reto)= (Ha-or(155)
— oxp {xlog (&) + klog(1— 6) + log <§) } .

The natural parameter is n(6) = log(ﬁ). As 0 ranges over (0,1), (6) ranges over all of R, so the natural
parameter space {1(6)|0 € (0,1)} has non-empty interior in R. By the completeness theorem for exponential
n
families, T = Z X; is complete and sufficient for 6.
i=1

Step 2 (via Theorems 4.4.7 (b)). Take Ty = 1;x,—1} as an initial unbiased estimator:
[Ty = P(X1=1) =kO(1 — 0)*1 =7(8).

By Theorem 4.4.1(b), ¢(T) = [T1 | T] is a valid estimator. Since T is also complete, Theorem 4.4.7(b)
guarantees it is the UMVUE. We compute:

PXi=1)P> !, X;,=t—1)

Using 1 X; ~ Bin(kn,0) and Y. , X; ~ Bin(k(n — 1), 6):

<]1€>9(1 — 0t (k(tn—_11)>9“(1 o k<k(:—_11)>
¢(t) = |

(7)o ()

k(n —1) k(n —1)
k k n
&(T) = ( r-1 ) (Ei—l Xi 1) is the UMVUE of 7(6) = k(1 — 6)* .

Therefore:

(kzn) - ( kn )

T Z?:l Xi

Example 4.4.12 (Example 3 (Bernoulli UMVUE).). Let X1,..., X, = Bernoulli(6), 6 € (0,1).
Goal: Find the UMVUE of 6.

Step 1: Complete Sufficient Statistic. Z;.I:l X; is complete and sufficient for 6 € (0,1) (from previous
lecture notes; same exponential family argument as the Binomial with & = 1).

Step 2: Compute:



Dividing both sides by n:
1 n
(n ZXi> =0 for all 6 € (0,1).
i=1

Since (1/n) Y. X; = X is a function of the complete sufficient statistic > X;, by Theorem:

~ o1&
0 =X=-) X,
UMVUE " ;

So, It is UMVUE.
Remark 4.4.13. In the homework #1 you will use theorem 2 (b) to get the UMVUE.

iid
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Example 4.4.14 (Example 4 (Normal UMVUE, two parameters)). Let Xi,...,X,, ~ N(u,0?), where

1 € R and 02 > 0 are both unknown.
Goal: Find the UMVUE for (u, 02).
Step 1: Write the pdf in Exponential Family Form.

1 _ 2
f(@,,0%) = = exp ((xgo,zu)>

Cexp( g L2
_eXp(02 T2 T T g2 T 2

Matching to the exponential family template we identify:
e Ti(z) = x with natural parameter g;(u,0?) = pu/o?,

e Ty(z) = 22 with natural parameter go(u,0%) = —1/(202).

Step 2: Check the Non-Empty Interior Condition. The natural parameter set is:

1
{(gl(/uvaz)a g2(ﬂ702)) VIS Ra 02 > 0} = {(0{27 M) pE Ra 02 > O}

(—00,00) x (—00,0) C RZ

This is the lower half-plane in R? (first coordinate unrestricted; second coordinate strictly negative), which

contains a non-empty interior. The condition is satisfied.

Step 3: Conclude the Complete Sufficient Statistic. By Theorem, the complete sufficient statistic is:

Y = (iTl(Xi)7 Xn:Tz(XZ)> = (iX“ zn:Xz2> .

Y is complete and sufficient for (u,o?).

Step 4: Use Known Unbiased Estimators. Recall the following facts:
. . 1 1
e Sample Mean [X,,] = p, and X,, = = > 1" | X; = — - Y} is a function of Y.
n n

e Sample Variance [S2] = 02 and

1 & _ 1 " _ 1 1 2
2 _ X2 — 2_ %2 = _anlZ.
S"*n—lél(xl X,) ”_1<Z§1XZ an> n_1<y2 n(n y1>>

(Check the previous lecture note). So, (X,,, S2) is a function of Y.
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Since both X, and S? are unbiased functions of the complete sufficient statistic Y, by Theorem 2 (b):
(X, S2) is the UMVUE of (p, 0?).

Example 4.4.15 (Curved normal distribution). Let X5,..., X, £ N (i, u?), where > 0. We want to find
a complete and sufficient statistic for p. So the pdf:

Then,

1 1 1 1
ACAND Zexp<'uw— QTL2$2 - 510g(27W2) - 2)

This has k = 2 natural parameters even though there is only 1 free parameter p.
Identify the natural parameters and sufficient statistics:

G ==, Ti@) =z gm:—ﬁ Ty(x) = 2

Check that the natural parameter space has an non-empty interior:

Let y1 = i and yo = —ﬁ. Then

1 1 Y1
= — y2 = = — —
ST Q(L)Q 2
Y1
2
The natural parameter space {(y1,42) | p > 0} lies on the curve y, = —%-, which does not have an

interior in R? since for any point on the curve and any open ball around that point, we are able to find
points in the ball that are not on the curve. Therefore, we cannot apply the Exponential Family theorem to
conclude completeness. Always check this condition before applying theorems.

Recall that the two-parameter family N (u, 0?). Define

i=1 i=1
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which is complete and sufficient for (u,0?) if Xi,...,X, £ N(p,0?). One may wonder whether Y is
complete for one-parameter problem A (u,1?) in this example. It turns out that Y is not complete. The
reason is as below.

Compute the following expectations under N (u, u?):

Y, 2
Eu<n):EAXﬂ:VMAXQ+0%Xﬂ =+ p” = 2p

Then,

i\° - - o2 p? n+1
o <(nl> > = E,[X]] = Var, (X)) + (B, Xp)" = — +p* = w

Both expressions are proportional to p2. So, Define

Y n /Y1\
(Vi Yy) = 22 ()

T 2n n+1\n

Then,

242 n n+1
]E;L[g(yhyz)]ZT—n+l- - pr=p?—p?=0, Yu>0.

Since ¢(Y1,Y2) # 0 but E, [g(Y1,Y2)] =0 for all 4 >0, Y is not complete. O

Example 4.4.16 (Bernoulli: UMVUE of 6(1 — 0)). Let X;,..., X, % Bernoulli(6), 8 € (0,1). Find the
UMVUE of 7(0) = 6(1 — 9).

From the example in the last lecture, we know that T'= """ | X; is complete and sufficient for 6 € (0,1),
and as the summation of n distributions following Bernoulli(f), T ~ Binomial(n, ). So, we need to find
¢(T) such that Eg[¢(T)] = 6(1 — ). Calculate

601 6) = Balo(m)] = 3 o05) (1 )o"(1 — o)
y=0

— (1) Xn:d)(y) (”) (&)y V6 € (0,1)

y=0 y

Multiply both sides by (1 — 8)~™ and set A = & € (0,00), or equivalently, § = 2

=5
i¢(y)<z>)\yzli/\(l_1k)n1

y=0 1+
A

n—1
—IX0+A)

1
=M1+ MN)"2
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Expand the right-hand side using the binomial theorem:

n—2 n—1
M1+AV_2:A§:(n;2>A4=§:<Z:f>M
z=0

=1

<

where y = z + 1.

Therefore,
n n—1
n n—2
E AV = g AY
y20¢(y) (y) o (y - 1)

Now, in order for the polynomials to be equivalent, we know that
o y=0: ¢(0)(5) =0 = ¢(0) =0.
e y=n: ¢(n)() =0 = ¢(n) =0.

e 1<y<n—1 o (}) = (1)

Fori1<y<n-1:

Note that for y = 0,

And for y = n,

Hence ¢(y) = m for all y € {0,1,...,n}.

By Theorem 1(a), (Lehmann—Scheffé), the UMVUE is:

Xi|n— X; B B
_; ( ; )an(an)

n(n—1) N n—1

o(T)

Remark 4.4.17. In the homework #5 you will use Lehmann—Scheffé (b) to get the UMVUE.

Example 4.4.18 (Poisson: UMVUW of e~ %%). Let Xi,..., X, i Poisson(#), 6 > 0. We know, ¥V =
>, X, is complete and sufficient for # > 0, and as the summation of n distributions each following
Poisson(), Y ~ Poisson(n#). Find the UMVUE of 7(6) = e~2°.

Set Eg[o(Y)] = 7(8) = e=2% for all § > 0. Y ~ Poisson(nf). Consider
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> e (ng)y
Bolo(V)] = S oly) T _ o2
y=0 v
Then,
> Yy
Z¢(y) (nel) — 2040 _ no—20
y=0 v
Let A =nf € (0, 00):
> Y 2 2
3 6(y) i' AR =3 vaso0
y=0 v

oo z*,
z!

Applying Taylor Expansion: Using e® = "~ ,

)

z!
z=0

Now expand the right-hand side as a power series:

I L Y )

y=0 y=0

Comparing coefficients gives

Therefore,

is the UMVUE of



86



Chapter 5

Hypothesis Testing

5.1 Introduction to Hypothesis Testing

In hypothesis testing, we are interested in making decisions about an unknown parameter 6 based on observed
data Xi,...,X,. These observations are assumed to arise from a probability distribution that depends on
0. Thus, different values of 8 give different probabilistic explanations of the same observed data.

We consider two competing hypotheses:

Hy:0 € 0, H1:9€@1:@\@0.

Here Hj is called the null hypothesis, and H;j is called the alternative hypothesis. The goal is to decide,
based on the observed data, whether there is sufficient evidence to reject Hy in favor of H;.
A test is defined by specifying a rejection region R. If

(z1,...,2n) € R,

then we reject Hy. Otherwise, we do not reject Hy.

Geometrically, the sample space can be viewed as being divided into two parts: the rejection region, where
the data is considered inconsistent with Hj, and the non-rejection region, where the data is not considered
sufficiently unusual under Hy.

Typically, we construct a test using a statistic

W - W(Xl, e ,Xn),
and define a rejection region (or critical region) of the form
R={(z1,...,zn) : W(z1,...,2,) < c}.

The statistic W summarizes the data into a quantity useful for deciding between Hy and H;, and c is a
constant determining the boundary of the rejection region.

The main question is therefore how to choose a statistic W and a constant ¢ so that the resulting test
distinguishes well between the null and alternative hypotheses.

5.2 Likelihood Ratio Test

5.2.1 Likelihood Function

Let Xi,...,X, be independent and identically distributed with pdf or pmf f(z|@). The likelihood function
is defined by

n

LO|x,...,2,) :Hf(:lci | 6).

i=1

87
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The likelihood function measures how plausible a given parameter value 6 is after observing the data.
In a probability function, the parameter is fixed and the data varies. In a likelihood function, the data is
fixed and 6 varies. The likelihood function measures how plausible a given value of 8 is, given the observed
data. In particular, larger values of the likelihood indicate that the corresponding parameter value provides
a better explanation of the observed data.

Thus, larger values of L(6 | x1,...,2,) indicate that the corresponding parameter value gives a better
explanation of the observed data. This is the same idea used in maximum likelihood estimation.

5.2.2 Likelihood Ratio Test
Definition 5.2.1. The likelihood ratio statistic for testing
Hy:0€0q versus Hy:0€0;=0\6

is defined by
SUPyeo, LO|xz1,...,2zp)
supgee L(0 | @1,...,2,)

)\(xl,...,a:n) =

The numerator is the largest likelihood that can be achieved while restricting 6 to lie in the null parameter
space ©g. In other words, it is the best possible fit to the data under the null hypothesis.

The denominator is the largest likelihood that can be achieved over the entire parameter space ©. This
represents the best possible fit to the data without imposing the null hypothesis restriction.

Since ©y C O, the denominator is always at least as large as the numerator. Hence,

OS)\(xh...,axn) < 1.

If A(z1,...,2,) is close to 1, then the best fit under Hy is nearly as good as the best fit over all possible
parameter values. In this case, the data does not provide strong evidence against Hy.

If AM(z1,...,2z,) is small, then even the best parameter value under Hy gives a much worse fit than the
best parameter value in the full space. This suggests that the data is more consistent with parameter values
outside .

Thus, the likelihood ratio test rejects Hy when

M1, .2n) <e, c€(0,1).
Thus, the rejection region (or critical region) is

R={(z1,...,2n) : Ma1,...,2n) <c¢}, 0<c<Ll

5.2.3 Interpretation of the Rejection Rule

Suppose
Az, ... z,) <ec
Then, by the definition of A,
Supgeo, L(O | x1,...,7,) ‘.
supgee L(0 | z1,...,2,) ~

Equivalently,
sup L(O | z1,...,xz,) <c-supL(0 | z1,...,2n).
0€0g €O
This says that the maximum likelihood under the null hypothesis is at most a fraction ¢ of the maximum
likelihood over the entire parameter space. Since ¢ € (0, 1), this means that imposing the null hypothesis
causes a substantial loss in likelihood.
Therefore, if the likelihood ratio is small, the observed data is better explained by a value of 6 outside
the null hypothesis. In this case, we reject Hy.
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5.2.4 Computation of the Likelihood Ratio

To compute the likelihood ratio, we generally perform two maximum likelihood estimation procedures.
First, we compute the maximum likelihood estimate under the null hypothesis:

éMLE,O =argmax L(0 | z1,...,2,).
0€Bg

This is a constrained MLE because 6 is required to lie in ©y.
Second, we compute the maximum likelihood estimate over the full parameter space:

éMLE)l =argmax L(0 | z1,...,2zy).
0co

This is the unrestricted MLE.
Then the likelihood ratio can be written as

L0 T
Mz, .. xp) = (AMLE,0|5L'1, 7210)'
L(QMLEJ |$1,...,;cn)

Thus, the likelihood ratio statistic is essentially obtained by carrying out maximum likelihood estimation
under two parameter spaces and plugging the resulting maximizers into the likelihood function.

In practice, one often does not need to carry out two completely separate MLE calculations. Usually,
we first compute the MLE over the full parameter space by using the standard MLE procedure, such as
writing down the log-likelihood, differentiating, setting the derivative equal to zero, and solving. Then the
constrained MLE under ©( can often be obtained by modifying the unrestricted solution to satisfy the
constraint.

This is why likelihood ratio tests rely heavily on maximum likelihood estimation. Even when the topic
is hypothesis testing, we still need to know how to compute MLEs from earlier material.

A particularly simple case occurs when the null hypothesis consists of only one parameter value:

HO 10 = 00.
Then the null parameter space is
©0 = {00} .
In this case, the numerator of the likelihood ratio does not require a true optimization procedure. Since
there is only one possible value under Hy, the restricted maximizer is simply
Orire,0 = bo.

Therefore, the numerator is just the likelihood function evaluated at 6y:

sup L(0 | x1,...,x,) = L(0p | x1,...,2n).
[ASISH)

The denominator still requires maximizing over the full parameter space. In common examples, such as
the normal model, the unrestricted MLE may already be known from previous calculations.

Example 5.2.2. Let
X1,..., Xn NN, 1).
We test
H():9:90, H1:97é90.

Here the variance is known and equal to 1, while the mean 6 is unknown. The null hypothesis says that
the mean is exactly 6y, while the alternative says that the mean differs from 6.
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The density of a single observation is

o) = = exp (—(””;9)) |

Since the observations are independent, the likelihood is the product of the individual densities:

L(0|ml,...,xn)ﬁ\/127rexp (W)

=1

Combining the constants and exponential terms,

L |zy,...,2,) = <\/127T>nexp (;é(:p 9)2> .

Under Hy, the parameter space contains only the point 6y. Therefore,
Onre,o0 = bo.
Over the full parameter space © = R, we maximize the likelihood. From previous lectures, the maximizer

is the sample mean:
OMLE,1 = Tn.

Therefore,
L(6‘0 | L1y ,l‘n)

Ay, o) = =20 .
(xl ‘ ) L(-Tn ‘ xlw--axn)

Substituting the likelihood expressions gives

The constants cancel, so

Mz, ..., z,) = exp l—l ( (z; — 00)* — Z(xL — xn)2>] )

To simplify this expression, use the identity

Z(le —Zn)? = Z(wl —a)? —n(z, —a)?, Va.

=1

Taking a = 0y, we get

n

Z(l‘i - i‘n)Q = Z(JZ,L - 00)2 — n(:En — 90)2.

i=1 i=1

Substituting this into the likelihood ratio,

Mz, ..., z,) = exp [; (Z(% - 90)2 _ [Z(IZ — 00)2 —n(ZTy, — 00)2] )] .

i=1

The two sums cancel, giving
n
Mz, ..., x,) = exp (—5(:%” - 90)2) .
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Step 2: Rejection Region for the Normal Example
The likelihood ratio test rejects Hy when
Mz, ... zn) <c¢, c€(0,1).

Using the expression

(Zn — 90)2) ,

|3

AMzy,...,z,) = exp (—

the rejection rule becomes

Taking logarithms,
n

—§(§3n —0)? < loge.
Since 0 < ¢ < 1, we have logc < 0. Rearranging,
2logec
T, —0p)? > — :
(@ —b0)" = ——

Taking square roots gives

v—2logc

v—2logc

|fn *90‘ 2

Define

C1 =
Then the rejection region can be written as
R = {(ﬂ?1,...,$n) : |§7n _90| > Cl},

where ¢; > 0.

Thus, the likelihood ratio test rejects the null hypothesis when the sample mean is sufficiently far from
the hypothesized value 6y. This agrees with the usual intuition for testing a normal mean: if the sample
mean is close to 6y, the data is consistent with Hy; if the sample mean is far from 6, the data gives evidence
against Hy.

The exact choice of the constant ¢, or equivalently c;, determines the size of the rejection region. The
derivation here shows the form of the rejection region. The method for choosing the constant based on the
desired significance level is discussed next.

The likelihood ratio test gives a general method for constructing hypothesis tests. The main idea is to
compare the best possible likelihood under the null hypothesis with the best possible likelihood over the full
parameter space.

Computationally, this means comparing a constrained MLE with an unrestricted MLE. When the null
hypothesis is simple, such as Hy : 8 = 6y, the constrained MLE is immediate. In the normal example,
the unrestricted MLE is the sample mean, so the likelihood ratio test reduces to checking whether z,, is
sufficiently far from 6.

5.3 Method of evaluating tests

5.3.1 Recall: Hypothesis Testing and the Likelihood Ratio Test
Let Xq,..., X, i f(z ] 0). We want to test:

Hy:60€ 0 vs. H,:0€0\0
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The likelihood ratio test statistic is defined as:
supgee, L(0 | X1,...,Xy) _ L(éo | X1,...,X5)
suppee L(O | X1,..., Xn)  L(O] Xq,...,Xn)

(X, X)) =

where 90 is the MLE restricted to ©g, and 0 is the unrestricted MLE over ©. The rejection region (or
critical region) takes the form:

R:{(xla"'axn) | )‘(xla"'axn) SC}

The central question of this lecture is: how do we select the constant ¢?

5.3.2 Type I and type II errors

Definition 2.1. There are two main types of errors to consider in hypothesis testing. A type I error is when
the null hypothesis is rejected even though it is true. A type II error is when the null hypothesis is accepted
even though it is false.

Truth | Accept Hy | Accept H;
Hy Correct Type I error
H, Type II error Correct

We want both type I and type II errors to be as small as possible. However, typically, we restrict
consideration to tests that control Type I errors at a specified level:

Type I error <a (o= 0.1,0.05,0.01)

If we want to control Type II errors, then switch Hy and Hj.

Definition 2.2. The power function is:

B(0) :==Py((X1,...,X,) €R) C [0,1]
Power is the probability that a test rejects null hypothesis. In other words:

Type I error if 6 € ©g
B(O) = o
1—Py((X1,...,Xn) €RC) if0e€O\6O
) Type I error it € ©g
|1 —Type Il error if § € ©\ O

Below is a simple example of an ideal power function where ©¢ = [0,1] and © = [0,2]. On Oy, the power
is low, meaning the probability of rejecting the null hypothesis (Type I error) is small. On 6\ ©g, the power
rapidly increases toward 1, meaning Type II is small.

Definition 2.3. For a random variable X, denote z, to be the constant such that
P(X > z4) = .

Then, z, is the (1 — a)-quantile.

Below is the probability density function of X. The area under the curve to the right of z, is «.
Similarly, we can also define a value zg for the upper tail such that

P(X >2g) = .
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B(®)

=

~

H\H,

Figure 5.1: Ideal power function

L

Figure 5.2: z, (upper quantile)

Remark 5.3.1 (Procedure for LRT Hypothesis testing). Recall: 3 steps for solving LRT problem
1. calculate A(z) the LRT Statistic
2. identify the rejection region

3. set a = type I error

Definition 8.3.5

For any « € (0,1), a test with power function 3(6) is a size « test if

sup 8(0) =a = sup Py((X1,...,X,) € R),
96@0 9660

where R denotes the rejection region and O is the parameter set under Hy.
Example 5.3.2. Let X1,...,X, *S N(0,1).

The goal is to derive the rejection region of the likelihood ratio test for testing the mean of a normal
distribution. Consider the hypotheses:

H029:90 H1:97é90
The likelihood ratio test statistic is given by:
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LRT: A(z1,...,%,) =e€xp {—g ()_(n — 90)2}

The rejection region is given by:

R={(z1,...,2n) | Ma1,...,2,) < c}

B . —2loge
_{(xl,...,xn)||Xn 00’2\/771 }

={(z1,...,20) | ’Xn —90} >}

We want to choose ¢’ such that the probability of rejection (Type I error) equals a.

sup Py((X1,...,Xp) €ER) =«
[AISH)

Po, ((X1,...,Xn) ER) =«
P90(|Xn 790| > c') =«

X, ~ N(00,1>
n

- 1
= Xn—60~N<O,>
n

If X1,..., X, "4 N(69,1), then

= Vi (X, —0) ~ N(0,1)

Now, we have a standard normal distribution. So,

Py, (v | X0 — 60| = V/nd') = .
Let Z ~ N(0,1). Then,
Py, (|1Z] > v/nd') = a.

Since nothing inside the probability depends on 6y, we can drop the subscript and write

P(|Z| = Vnd) = a.

:>21P(Z2 \/ﬁc') =
=P(Z>/nd) :%
= nc’:z%

Now we have a quantile of N(0,1).

/ ZO(/Q

T
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Thus,

R:{(xl,‘..,xn)||Xn—00|> Z\‘;%?}

Ra /2 . . .
, and fail to reject Hy otherwise.

vn
Remark 5.3.3. The Type I error (size) of the test is

We reject Hy if | X,, — 6p| >

sup Py((X1,...,Xn) € R) = a.
[ZSSH)

Thus, we choose the constant ¢’ such that the test has significance level a.
Example 5.3.4. Let Xy,..., X, i f(z | 0) where
f@]0)=e 1 ) (@)
is the location exponential distribution. Note that if Y ~ Exp(1), then
Frly) =€ 1y,
and setting X =Y + 60 gives X ~ f(x | #). Consider the hypotheses:
Hy:0<6, Hy:0> 6,

The likelihood function is:

= eXp{— (z; — 9)} “1(6,00) (Z(1))
=1

exp <n¢9 — sz> if 0 <z
0 if 6 > Z(1)

where ;) = min; ;. Note that L(0 | z1,...,2,) is increasing in 0 for § < x(;) and drops to 0 at § = z(y).
Since ©® = R, the unrestricted supremum is:

sup L(0 | z1,...,2,) = exp{nx(l) - le}

9eR =

For the restricted supremum over ©¢ = (—o0, 0]

exp{nx(1) - sz} if 9() > x(l)
sup L(9|x1,...’$n): =1

o< exp{n@o — Zml} if Oy < z(1)
i=1
= exp{n(90 Nxy) — le}
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Likelihood function

Xn)

L(O] X1, ..

X

Figure 5.3: Likelihood function L(6 | x1,...,%,), increasing in 0 for § < x(;y and dropping to 0 at § = zy)
(open circle).

where a A b = min{a,b}. Therefore, the likelihood ratio statistic is:

{1 if 6p > z (1)

Mz, ..., zn) =
exp{n(bo — z(1))} if by < z(1)
Since ¢ € (0,1), A < ¢ is only binding in the second branch, the rejection region is:

R={(z1,...,2n) | M1, ...,2,) <}, c€(0,1)
= {(ml,‘..,xn) | 0o < z(1) and exp{n(fo — z(1))} < c}

exp{n(fo — z(1))} < cis equivalent to:
n(fo — z(1)) <logc
1
(1) 2 0y — ﬁlogc
(1) 2 0o + ¢

1
where ¢ = — loge > 0 (since ¢ € (0,1) implies logc < 0). Note that the condition x(;) > 6y 4 ¢’ with
¢’ > 0 makes x(;) > 0 redundant. Hence:
R={(z1,...,2n) w1y 20+ }, ¢ >0
The Type I error is:
= sup Pp((X1,...,X,) €R)
[ASISH)
= sup Pp(X(1) > 6o + )
<60

Denote g(0) := Py(X1 > 6y + ). Is g(f) increasing?

g(g) :Pg(Xl 290+Cl,...,Xn 200+CI).
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Because the X; are i.i.d.,
g(0) = (Py(X1 > 00+ )"

Write X7 =Y + 6 (so that the distribution of ¥ does not depend on ¢). Then

Py(X1>6p+)=P(Y+0>6y+c)=P(Y =6y —0+¢).

g(0) = (P(Y >6,—6+¢))".

As 0 increases, 0y — 0 + ¢’ decreases, so the event {Y > 6y — 6 + ¢’} becomes easier to satisfy and the
probability increases. Hence Py(X; > 6y + ¢’) (and therefore g(#)) is increasing in 6.

In particular, 8g — 6 + ¢’ is smaller for larger 6, which explains the monotonicity.
SO
o = 9(90) = Pgo (X(l) >0y + Cl)

=P >d)"

= (e_c/)" since Y is exponential distribution

positive because 0 < a < 1
so R = {(xla"'vxn) ‘ X(1) >0y — %lna}.

O

Example 5.3.5. Let Xq,..., X, d N(u,0?) with both parameters unknown.

Consider the hypotheses
Ho: p < po, Hy: p> po,

with o2 unspecified. Equivalently,
©0 = {(1,0%) : < po, 0* > 0}.

1. Likelihood ratio test (LRT)
The likelihood (for observed z1,...,xz,) is  (check this)

n

Lp, 0 | 21,00 2,) = (ég)nexp(— %Z(gz —,u)2)~

To form the likelihood ratio we will need the suprema of L over the relevant parameter sets. The
maximum likelihood estimators (unconstrained MLE) are

N . 1 _
= Tp, 0’2 = E Z({L’l - CL‘n)Q.
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Since
n

we have

SIE

R _
262 2 (@i —m)" =
i=1

Thus

1 " n
[0 /\2 “ .. —_ _—— .
L(ft,6° | x1,...,2n) ( TT{'@') exp( 2)

Under Hy : p < pp, we compute

sup  L(p,0? | x1,...,2,) =sup sup L(p, 0% | 21,...,2,)
(n,02)€Ho 02 pp<po

Optimize with respect to pu:

= arg min (Z(fﬂZ — :En)z + n(fn - ,uf)2

n
arg max L(p, 02 | z1,...,x,) = arg min Z(mZ —p)?
n<po H<po P n<po

<7
_ ﬁo MO_,”:qufn
Tn MOan

Now optimize over o2:

sup  L(p,0? | x1,...,2,) = sup L(pg AT, 02 | 21, ..., 2,)
(n,02)€Ho o?

(Exercise: Take log, differentiate, find critical point, 1st derivative or 2nd derivative)

17L
A2 1 o = 2
6 = > i~ (10 A7)
=1
Since
171
A2 1 o = 2
0o = n Z(xz (1o ANTy))
=1
we have
R 9 M
— i — o ATp)? = =
7 3w =
Thus
1 " n
Lpo AT, 62 | 21, .. xn) = | —— | exp(—=).
(0 AT [ 211 ev20) = () exn(=)
Thus,

L(IMO/\ETU&S | $1,-.-,$n)
L(f,62 | x1,...,24)

/\(331,...,33n) =

Thus the exponential terms cancel:

2\ n/2 1 if po > 7y,
) = 2\ 1/2 . .
(2)" ifwo<an
0



Thus, for some ¢ € (0,1), the rejection region is

R={(x1,...,xn)|\z1,...,2,) < c}
={(z1, .. zn) A1, Tn) < po < TptU{(x1,- - z0)| N1, - 2n) < ¢ po > T}
={(x1, ..y zn) A1, Tn) <cypo < TRPUD
={(z1,...,z)|A(x1, ..., 2n) < ¢, 1o < Ty}

Under jig < Z,, substituting the expressions for 62 and 63,

G\ AT (- m)? " D = 7))
(5)" (B ()™

)\(xlv 7xn) = = — v
a5 % >ie (i = po)? Yo (s — po)?
Now use . .
(i = n0)* = D (@i = T)* + (@0 — o)’
i=1 =1
Therefore,
— n/2
Ay Tp) = < Z?:l(mi —Tn) ) /
s Yoimy (T = Tp)2 + (T, — po)?
n/2
_ 1
N _n@n—p0)® _
LR S ey
Define:
n/2
1
g(y) = <y2>
1 + n—1
Then:
Tn — Ho
AMxy, .o, xy) =
)= < Vaain )
Note that

o) = (1+-2 )/

n—1

For y > 0, the quantity
2
Y

1
+n71

is increasing in y. Since the exponent —n/2 is negative, g(y) is decreasing.
Therefore,

T
A<c <<= g n Ko <ec
s2/n
Since g is decreasing,
T
n2,u0 > g7 e) = ¢, c1 > 0.
\V/s2/n
Since we are in the case pg < T, we have
En — Ko > ¢
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Thus the rejection region is

R:{(ajl,...,x ) : Sn/\/’? _ClaN0<$n}:{($1""’x7L) ii;ﬁ

Final rejection region:

—Ho o
R=1<(2q,... :
{(1 Tn) : Sn/\f }
for some ¢; > 0.

Type I Error and the Test Statistic
For a size-a test, we need to know the Type I error. The Type I error is:

sup 2 (X 'LLO > =«
Gz T\ S 2 ’
where S2 = 13" | (X; — X,,)? is the sample variance.
Define g(p,0?) := P, 2 (g"/*\%’ > cl).

Since X1,..., X, <N (u,0?), the following standard distributional rules apply:

- -8
= ~ N 1 = N —1).
a/vn (0.1), v o2 Xn—1)

We rewrite the standardized statistic:

Xn_,u() _ Xvn_ﬂ+(H_U0)
Sn/v/n Sn/v/n

So, the Type I error becomes:

sup P,

= o n—1
3 o2 Z + ) >c1 |-
(1,02): p<po . (( a/\n Vv )

9(u, 0?) ::P((ZJF“/\;@)FEQ)
:P<Z—cl\/Z>—’;;jﬁo>.

As a function of y, g is increasing when p < pg, so the supremum is achieved at p = pyg.

Then
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Thus

Xn — Mo 2
sup P 02 ( > Cl) = sup g(:u’va )
(1,02): p<pio g Sn/vV/n (1,02): p<pio

=sup sup 9(%02)
02 prp<po

=sup g(o, 0°)
0-2

Xn — Mo
Sn/v/n

not depend on o2. So:

iid

Since W := ~ t(n—1) whenever X1,..., X, ~ N(uo,c?) (for any o2 > 0), the probability does

X, —
sup P, (M > cl> = S;lzp Py oW >c1)=supP(W >¢1) =P(W >c1) =«

(1,02): p<po a2

which means ¢; = t,(n — 1), the upper a-quantile of the ¢-distribution with n — 1 degrees of freedom. The
rejection region is:

R= {(xl,...,z") | f’;’;/’\/’g} Zta(nl)}.

5.4 Randomized test

Sometimes, we need a special treatment to achieve P(Reject Hy | Hy) = . Let’s see the example below.

Example 5.4.1. Let Xi,...,X, ~ Pois(#). We use the sample mean X of a sample of size n = 100 to
test the null hypothesis Hy : 8 = 0.1 against the alternative hypothesis H; : 6 < 0.1 at the significance level
a = 0.05.We want to find the rejection region such that

P(Reject Hy | Hp) = «

Since the observed sample mean is expected to be smaller under the alternative hypothesis, the rejection
region takes the form X < ¢ for some constant c. From the properties of the Poisson distribution, we know
that

100X = X; + Xo + -+ + Xjg9 ~ Poisson(1000),

thus, under the null hypothesis, we have

100X = X1 + X2 + -4 X100 ~ POiSSOH(lO).

we can calculate the rejection probability as

P(Reject Hy) = Po1(X1+ -+ X100 < k) = P(Poisson(10) < k),

for some k. Using the cumulative probabilities for the Poisson distribution (using R), we summarize the
rejection probabilities for different values of k as follows.

k value 0 1 2 3 4 5
Py (X + -+ X100 < k) | 0.000 | 0.000 | 0.002 | 0.010 | 0.029 | 0.067

Given the values of k, it is impossible to have a rejection region where P(Reject Hy|Hp) exactly equals
0.05. However, we can create a rejection region where the rejection probability is slightly less than 0.05, and
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then use a randomized method to adjust it to exactly 0.05. This type of test is called a randomized test.
Here is how we construct the randomized test.

Xy 4+ X090 < 4 = Reject Hy,
X144+ Xi0=5 = Reject Hy with probability -,
X1+ +X100>6 = Not reject Hy.

The rejection probability for such a randomized test can be calculated as

PO.I(Xl 4+ Xigo < 4) + ’}/P(Xl + -+ X090 = 5) =0.029 + ’)/(0.067 — 0029)

To achieve a significance level of o = 0.05, we can solve for « as follows:

0.029 + v(0.067 — 0.029) = 0.05,

solve for v

L 0050029 21
7T 0.067 00290 38

Exercise: can you construct a different randomized test above?
Summary: In general, when the distribution f(z;6),60 € Q is given, the null hypothesis Hy and alter-
native hypothesis H; can be represented as:

Hy:0€Qy vs. Hy:0e ) (Qoﬂle(ZJ,QOUleQ).

Based on the observations X1, ..., X,, we judge the evidence in favor of or against the null hypothesis
Hy. In this type of test, the maximum allowable probability of wrongly rejecting Hy (i.e., committing a
Type I error) is given by the significance level «, and the rejection region is chosen such that

P@((Xl,...,Xn)ECa)SOJ for all 0 € Qq.
The objective is to minimize the probability of making a Type II error, which is failing to reject Hy when

it is false. To maximize the rejection region within the significance level, we define a test with

éﬁ%ﬁpe((Xl""’X") €Cy) =a

Finally, we define the rejection region C, and the test as follows.

(X1,...,Xn) €C, = Reject Hy,
(X1,...,Xn) ¢ C, = Fail to reject Hy.
In cases where no appropriate non-randomized rejection region can satisfy the conditions (as shown in the

Poisson example), we can consider a suitable randomized test. The randomized test can be represented
by the function ¢(x1,...,x,), which indicates the probability of rejecting the null hypothesis Hy as follows.

d(r1,. .., xn) =1 = Hj is rejected,
0<d(zg,y...,zy) <1 = Hj is rejected with probability ¢(x1,...,x,),
d(x1,...,2,) =0 = Hy is accepted.

The rejection probability of such a randomized test is given by Fp¢p(Xq,. .., X, ), which depends on the
parameter §. This function is known as the test function vy(¢), and is expressed as

Y0(¢) = Egp(X1,...,Xp), 0.

The maximum value of the rejection probability for all 8 € g under the null hypothesis is
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(I’Ié%};EGQb(Xla cee 5Xn)7

and this is referred to as the size of the test ¢(X1,...,X,,). The test that satisfies the significance level
« is the one where the size does not exceed a. In other words

X)) <a
£%§E0¢(X1» 7X )70[

By determining ¢(X1, ..., X,,) appropriately, we can ensure that the test satisfies the significance level a.
The test minimizes the probability of rejecting the null hypothesis Hy incorrectly (Type I), while maximizing
the rejection probability (power) where possible, ensuring that the size equals the specified significance level
a:

gé‘%%anb(Xh.--,Xn) =a.

5.5 Final review

Geometric Distribution: Exponential Family & MLE

Setup. Let X have PMF
pmf(z; p) = (1 —p)" " 'p.

(a) Expressing as a nautral exponential family. Using the identities that a = exp(loga) and loga® =
bloga

pmf(x; p) = ele—1)log(1—p) ,  logp
= exp(x log(1 — p) + log 1%})
= exp(x log(1 —p) — log(1 — p) + 10gp)

Let n(p) = log(1 — p), therefore 1 — e = p, and we obtain the natural exponential family:

pmf(z;n) = exp(zn —n + log(1 - e")).
(b) MLE of p. For an a random variable in the exponential family
1 n
By(X) = — > T(a)
i=1

From the prior part, we have that T'(x) = z. Since X ~ Geom(p) gives E,[X] = 1/p:
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Beta(1,0): Sufficient Statistic
Setup. Let Xi,..., X, ~ Beta(1,0) for § > 0. Find a sufficient statistic for 6.

Solution.
The likelihood 1is

L(O; 21,...,2p) = def(xi; 0)
i=1

=TI -2)"" 1cony]
i=1

n -1
=6" <H(1 - :vi)) ) H Lizie0,1))
i=1

i=1
Define

u(ry, ..., x,) = H(1 - T;), ki(y,0) = 0y"~", ka(z) = H logc01)y
3 =1

Then
L(0; x1,...,xn) = k1(u(z1,...,20), 0) - ko(x)

By the Factorization Theorem,

n
w(xy, ..., xy) = H(l —x;) is sufficient for 6 > 0.

=1

Fisher Information and Cramér—Rao Lower Bound

Setup. Let X1,..., X, = f(z|0) =021, 0<z<1,60>0.

(a) Fisher information. By additivity, I,,(6) = nl;(#). The single-observation log-likelihood is
01(0) =log(82%~1) =logh + (6 — 1) log z.

Thus
% 1 020, 1

:*+1ngl77 szeﬁ

Therefore
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UMVUE for p* (Bernoulli Distribution)
Setup. Let X;,..., X, i Ber(p), p € (0,1). It is known that X,, is the UMVUE for p, and therefore so is
S X,

(1) An unbiased estimator for p*. By independence:

E[X;] = p,
E[X1X2] = E[Xl] E[XQ} = pz,

E lf[l Xi] =pt

Hence U = H?Zl X; is an unbiased estimator for p?.

(2) UMVUE for p* via Rao—Blackwell.
From lecture, T' = Z?zl X; is complete and sufficient for p. By the Rao—Blackwell / Lehmann—Scheffé
theorem, the UMVUE is

n(T) = IEJlX1X2X3X4 ‘ ZXZ]
i=1
We compute ¢(t) = E[X1 X X3Xy | Y7 X; =t]. Since X1 XoX35Xy = 1yx, 21 x,21,X5=1,X4=1}»

n
(1) :]P’(Xl L Xo=1,X5=1,X, =1 ‘ ZXi:t>.

i=1

If 0 < ¢ < 3, then ¢(t) = 0.

If t > 4, then

PX1=1,Xo=1,X3=1,X4=1, Y . X; =t—4)
P Xi=1)

p4 . <7tz_—411)pt74(1 _ p)(n74)7(t74)
(})pt(1 —pn—t
(Z) (=4t #t-D(t-2)(-3)
@) C(t—=4)(n—t) n! ~n(n—1)(n—2)(n—3)

Note that the above formula also includes the case 0 <t < 3.
Therefore the UMVUE of p? is

o(t) =

Pareto Distribution: Likelihood Ratio Test (Exercise 8.5 of Casella and Berger
2nd edition)

Setup. Let Xq,..., X, i Pareto(f, v) with PDF

ov?
f(x|9,y)zﬁl(,,’oo)(a:), 0>0,v>0.

Test Hy : 0 =1 versus Hy : 0 # 1.



106

(1) Likelihood Ratio Test (LRT).
The joint likelihood is

g "y 0+1
v
LO,v a1, a) = || g1 Loy () = (60°)" (H m) Lizgy>v)
i=1"1 ¢
enyne
I
where x (1) = min; z;. With = (6,v). Define the null and full parameter spaces

Q={0,v)|0=1v>0, Q={0,v)]0>0, v>0.

Recall
sup L(O,v|xy,...,2p)
§ = (0E
~ sup LO,v|zy,...,2,)]
0,v)eQ

where ©g = {1} x Rt and © = R* x R*.

Since L is increasing in v (for fixed § > 0, v is increasing) and the indicator requires v < x(1), the
supremum over v is attained at # = x(;) in both numerator and denominator.

The numerator (restricted to Qo, i.e. § = 1) is

sup L(0,v | z1,...,x,) =sup L(L,v | 21,...,2n) = L(L, 20y | 21,...,25).
IS v>0

The denominator of the LRT statistic is

sup L(0,v | x1,...,2,) =sup sup L(0,v | z1,...,2,) =sup L(O, x(1) | T1,...,2y).
neQ 0>0 v>0 0>0

To simplify the maximization, take the log:
0, xqy | x1,...,2,) = nlogd +nblogxy — (0 +1) Zlogaji.
i=1

Thus
o0, x1y | x1,...,20) n
00 )

+nlogz(y — Z log x;.
i=1

Let

w(xy, ..., x,) = Zlogmi —nlogxy,
i=1

It is clear that u(zy,...,2z,) > 0 (with probability 1). Thus
£0,201)) = nlogl —u(zy,...,2,).
Set

00,21y | x1,...,2T0)
00

and we obtain n

w(xy, ..., Ty)

>
Il

V

o
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When 0 < 6 < 6, W > 0. When 6 > 6, W < 0. By 1st derivative test, 8 is the
maximizer.
Assembling \. Set T = u(x1,...,2,). we have [[}" | 2; = x?l)eT. Computing each term in the ratio directly:
7 zy
(€9) 1) —n —2T
L(1, (1)) = = — =x Ve “
(i ~ afpert ~ "0
I B (n/T)n $7(112)/T - (n/T)” x?f)/T e L, )
(T’ I(l)) - (TT i)™/ T+1 - x?lz)/T—Q—n ontT (f) Ty € ’
Therefore

_ L(l, LL‘(l)) _ 1'(_17; 672T
L(H/T, 13(1)) (n/T)n x&? e—(n+T)

T\" T\"
— () 672T+(H+T) — () e’nfT.
n n
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