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Chapter 1

Multi-Armed Bandit [2]

1.1 Introduction

The multi-armed bandit problem is a sequential decision-making formulation where an agent chooses between
A distinct actions (arms) at each time step to maximize cumulative reward (or minimize cumulative regret):

o A available decisions/actions.
¢ Select an action at each round.

e Receive a stochastic, noisy reward.

1.1.1 Multi-Armed Bandit Protocol
For time steps t =1,2,...,T:
1. Select a decision n* € IT := {1,2,..., A} = [A].
2. Observe a random reward r’ € R.

Here, ¢ denotes the current time step, T is the total number of time steps, and A is the total number of
available actions.

History The interaction history H;_; contains all action-reward pairs observed up to time ¢t — 1:
Hy_y={(a1,m1), (a2, r2),..., (ar—1,m-1)}

Assumption: Stochastic Reward The reward r; is a random variable drawn from an underlying distri-
bution conditioned on the interaction history:

Ty ~ M*( | Ht—l)

We briefly recall the multi-armed bandit setup and the e-Greedy algorithm from the previous lecture.
Let f*(m) denote the mean reward of action 7, and let 7* = arg max, .y f*(7) be an optimal action.



Reward Function The true expected reward function f* for selecting action 7 is defined as:

fr(m) =E[r | 7]

Optimal Action The optimal decision 7* yields the highest expected reward:
7 == arg max f* ()
mell

Regret The cumulative regret Reg(7T") measures performance loss relative to the optimal action choice:

T T
Reg ==Y f*(7*) = Y Eptnpe[f*(x")]

The first term is the total mean reward we could obtain by always choosing the optimal action 7*, whereas
the second term is the expected total mean reward obtained by the algorithm. Thus, the goal is to minimize
the regret.

Objective The goal is to design an algorithm achieving sub-linear regret, meaning the average regret
vanishes asymptotically:
E[Reg(T
. E[Reg(T)
T—o0 T

=0

1.1.2 Simple Example: Always Pure Exploitation

Suppose we always select the first decision, 7t = 1, for all t = 1,2,...,T. The total regret simplifies to:
T T
Reg(T) =Y f*(x") = > f*(1)
t=1 t=1
=T(f*(7*) = f*(1)) = O(T)

This yields linear regret O(T), failing our sub-linear objective whenever action 1 is suboptimal.

1.1.3 Estimating f* via Empirical Means

Since the true reward distribution f* is unknown, we estimate it using the empirical average of past rewards:
A 1
fim) = —— [ U
nt(r) ; {me=n}

where nf(m) :== >, _, 1{zs=r} denotes the total number of times decision 7 was selected up to time ¢. The
1, 7°=m,

indicator function is defined as: 1 s—r) = {0 -
, T .

1.1.4 The Greedy Algorithm and Exploration

A naive approach is the Greedy Algorithm, which chooses the decision maximizing the empirical reward
estimate at step t:
#t = arg max f(m)
mell

While greedy selection exploits current knowledge, it lacks a mechanism for exploration. Because feedback
is partial (rewards are observed only for chosen actions), the algorithm can prematurely abandon optimal
actions due to early noisy estimates. Once an optimal action’s empirical reward drops below another arm’s
estimate, it is never selected again, leading to linear regret O(T).



1.1.5 Failure of the Greedy Algorithm

Consider a two-armed bandit setting with IT = {1,2}:
o Decision 1 yields a deterministic reward: f*(1) = %
« Decision 2 yields a stochastic reward: r ~ Ber (3), so f*(2) = 3.
Consider the following trajectory:
1. At t =1, choose Decision 1: receive r! = % Thus, fQ(l) = %
2. At t = 2, choose Decision 2: receive r? = 0 (occurring with probability 1). Thus, f3(2) = 0.
3. For all t > 3, the greedy strategy continuously chooses Decision 1 because ft(l) = % >0= ft(2).

Under this event, the expected regret grows linearly:
3 1 3 3 3 1 T-1

1.2 e-Greedy Algorithm

To prevent premature convergence to suboptimal choices, the e-greedy algorithm forces exploration:

Exploitation With probability 1 — ¢, exploit current knowledge by picking the empirically optimal action:

t — arg max f*(r)

mell

s

Exploration With probability €, explore uniformly at random across all available actions:
7t ~ Unif({1,2,...,4})

Thus, with probability 1 —e the algorithm uses the currently best estimated action, while with probability
¢ it explores.

1.2.1 Sub-Gaussian Concentration Bounds

Definition 1.2.1 (o-sub-Gaussian Variable). A zero-mean random variable Z is o-sub-Gaussian if its Mo-
ment Generating Function (MGF') satisfies:

2,2
E[e"z} < exp (U; ), vneR

Lemma 1.2.2 (Sub-Gaussian Hoeffding Bound). Let Zy,..., Zp be independent, zero-mean o-sub-Gaussian
random variables. Then for any u > 0:

T
1 Tu?
P <T l_g Zi Z u) S exp (_M)

i=1



Proposition 1.2.3. Assume that f*(mw) € [0,1] and the reward ' is 1-sub-Gaussian (always think of it
as Gaussian with variance 1). Then, for any finite T, by choosing € appropriately, the e-greedy algorithm
ensures that with probability at least 1 — 9,

Reg < AY3T?/3 logl/3 (éT)
Consequently,

E[Reg] < AV/3T2/310g/3 (AT)

To prove the proposition, let us consider the following lemma.

Lemma 1.2.4. With probability at least 1 — ¢,

max | (m) — ()| 5 L)

Comment: The left-hand side measures the largest estimation error over all actions. As t becomes larger,
more observations are collected, so the estimation error becomes smaller. For a proof of the lemma, see
Section 2.2 of [2].

Proof of Proposition 2.1

We begin with
T

R'Eg = ZEﬂ'twp" [f*(ﬂ—*) - f*(’]rt)} .

t=1

Using the definition of the e-greedy algorithm, this can be decomposed as

T T

Reg = D (1—e) [f*(x") = [*G)] + &Y Enemunitay [/ (7") = f*(x")] .

t=1 t=1

Since f*(r) € [0,1],f*(x*) — f*(nt) < 1. Therefore,

T
Reg < Y [f*(n*) — f*(7")] +&T.

Now decompose

Because 7t = argmax, f!(w), we have f{(7*) — f{(=!) < 0. Hence,

() — f*(7@) < 2max

f1(m) = P

Therefore,

T
Reg < Qmegx () — ft(ﬂ)’ +eT.
t=1



Using the lemma 2.2, with probability at least 1 —

Reg<22 | Alog( AT/6

Using the fact Zthl % < 2V/T — 1, we obtain

Reg <2 wﬁ—i—ef

~

Comment: The first term is associated with the estimation error, while the second term comes from random
exploration.

1/3
To balance these two terms, choose € (w) .

Plugging this choice into the previous bound gives

Reg < AY3T2/310g!/3 <A§T> .

This leads to the following question: can we improve the algorithm? The c-greedy algorithm
explores with probability =, even for those well-estimated bad arms/actions. Can we choose
actions in a more adaptive way instead of exploring uniformly?

1.3 Upper Confidence Bound (UCB) Algorithm

Suppose that at each time ¢ we can construct a lower and upper confidence bound
ST TSR
such that, with probability at least 1 — 6,

t

fr(x) € |£' (). F(m)]

for every ¢ € [T] and every 7 € [A].

The UCB algorithm chooses 7' = argmax, ?t(ﬂ'). Thus, at time ¢, the chosen action is the one hav-
ing the largest upper confidence bound.

Lemma 1.3.1 (Instantaneous regret of UCB). For t, suppose f*(m) € [f(ﬂ),ft

(m)]
Then wt = argmax,_ ?t(w) has the following property:
Pty = fr@) < Flat) = f1(@t) < F ') = £,

Proof. Because m! maximizes the upper confidence bound, Tt(w*) < 7t(ﬂ't). Also, because the confidence
interval contains the true mean reward, f*(7*) < ?t(ﬂ'*). Combining these gives f*(7*) < Tt(ﬁt). Therefore,

Fr) = ) < Tt = ().
Finally, f*(ﬂ't)Zf(Wt),SO?t(Wt)_f( )<f( ) - i( ).



10

Figure 1.1: Illustration of the UCB algorithm.

Lemma 1.3.2 (Construction of confidence bounds). With probability 1-9,

2log(2T2A/6)
nf(m)

max |J(x) = f*(m)| <

We skip the proof. Then by the lemma,
2 A 2 A B
) = ) = [ PEEEER) < () < Py 4 [ 2EEER)

Define

The upper confidence bound is

2,42
210g<27r5t A>
f (7T> - f (ﬂ-) + nt(’ﬂ')
Similarly, the lower confidence bound is
2,42
210g<27r6t A>
t _ Tt _
S =Tt e

With probability at least 1 — 4§,
* —t
(m) < f*(m) < f ().

I~

The UCB action selection rule is .,
7! = argmax f (7).

Initialization:

Att =1,
n'(m) =0, v e [A],
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and thus .
f(m) = o0, v € [A].

In the first step, any arm may be selected since it is all infinity. Once a certain arm is selected, then the
upper confidence bound f for that arm is finite. So at t = 2, any remaining arm maybe selected. In the first
A steps, each arm will be selected once.

Proposition 1.3.3 (UCB regret). Assume f*(m) € [0,1] and r* is 1-sub-Gaussian. Then, with probability

at least 1 — 9,
Reg < VAT log (AT/6).

Comment: This gives a T'/2 dependence, compared with the 72/3 dependence of the e-greedy bound. A
smaller power of T is better because the regret grows more slowly. Thus, the UCB algorithm has a better
regret bound than the e-greedy algorithm.

Proof of Proposition 1.3.3. Using lemma 1.3.1 and our construction of the confidence bounds, the regret can
be bounded by the sum of the confidence widths: with probability 1-9,

Fo) = ) < Tty - ity < 2, 20T AT0)
. L= ni(a)
On the other hand,
fr(r*) = (=) <1
Thus, with probability 1-9,
Fotr) (< 0, [OERTATS)

nt(nwt)

where a A b = min{a, b}.
Thus with probability 1-6,

2 [1r@) = 1)

T
=1

~

A

5 ( 21og 2724/5) . 1) .

t=1

here, the “A1” term appears because we can write off the regret for early rounds where n’(7?) =0 as 1.
To be continued. O

Lemma 1.3.4 (Confidence width potential lemma). We have

3 1 < VAT.
; /\

Proof:

1= 7T —71'
% T
=> nf(m)1(a' =),

Since
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we can write
V) )
Therefore,
(rt =)
ANl =
> o - TR
Re-indexing according to the number of times arm 7 is selected,

T+1(7T)

_;Z

Using
G |
A1 <14 2yn,
Dy e R
we obtain
<> 1—|—2\/nT+1(7T)>.
Thus,

=A+2) \/nTH (7).

By Jensen’s inequality, since F'(x) = \/x is concave,

%Z /Tt () < /%ZNT"'l(TF).

Hence,
1
A+2> 4\ /nTH(r) = A+24 (A > \/nT‘H(ﬂ'))
1
<A+24 /Z;nT‘H(ﬂ).
Since
1 Z nT+1(7T) =T,
we get

<A+2A”A A+ 2VAT.

Finally, consider two cases:

1. If A< VAT (equivalently, A <T),
then

A+ 2VAT <3V AT.

2. If A>T,



then trivially

Therefore,

13
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Chapter 2

Unconstrained optimization (1]

2.1 Newton’s method for unconstrained minimization (Section 9.5)

Now consider minimizing f(z) without equality constraints. At a current point z € dom(f), the Newton
step is
Axy = —[V2f(2)] 'V f(x). (2.1)

Equivalently, it solves the linear system V2 f(x)Axy = —V f(z).

2.1.1 The Newton step is a descent direction

For a direction v, the directional derivative at x is

= (Vf(z),v) = Vf(z) .

t=0

d
pn flx+tv)
A negative value means that v is a descent direction. Substituting (2.1) yields

= V(@) [V f(2)] 'V f(z) <0.

d
%f(x + tAZyt) .

2.1.2 One-dimensional intuition

In one dimension, we seek a zero of f’(x). Approximating f’ by its tangent line at x) gives

[k
[ ()

The next iterate is the horizontal-axis intercept of that tangent line. Repeating the construction gives
successive Newton iterates.

Geometrically, Newton’s method uses a tangent line to approximate f’(x) and find where f’(z) = 0. The
tangent line has the form

f'@r) + (@) (@1 — 21) =0, Thy1 = T

g (z) = ax +0.

This means that we are approximating f(x) using a quadratic function of the form
L o
g(z) = 50T + bz +c.

The derivative of this quadratic is ¢'(z) = ax + b, so finding the zero of the tangent-line approximation of
f/(x) is equivalent to finding the minimum of the quadratic approximation of f(z) when a > 0.

15
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f'(x)

Figure 2.1: Illustration of the tangent-line construction applied to a general f'..

2.1.3 First interpretation: minimizing a quadratic approximation
The second-order Taylor approximation about x is

o~

1
Fla+0) = f@) + V@) 0+ 50"V (@), (2.2)
Treat the right-hand side as a function g(v). Its gradient is
Vg(v) = Vf(x) + Vf(z)v.

Because the Hessian of g is positive definite, the condition Vg(v) = 0 is necessary and sufficient for its unique
minimum. Solving gives

v=—[V2f(x)] 'V (z) = Azy.

Thus the Newton step minimizes the local quadratic model.

2.1.4 Second interpretation: linearizing the optimality condition

For unconstrained convex minimization, the first-order optimality condition is V f(z + v) = 0. The first
order Taylor expansion gives

Vf(r+v) = Vf(x)+ Vf(z)v.

Setting this approximation equal to zero again gives v = Axy. Unlike the negative gradient direction, the
Newton direction uses curvature information through the Hessian. If V2f(z) = I, then Az, = —V f(x),
simplifying to the standard gradient descent direction.

2.2 Newton decrement and stopping criterion

Definition 2.2.1. The Newton decrement at z is

1/2

Mz) = (VF(2)" [V f(2)] 7'V f(2) (2.3)

It measures the improvement predicted by the quadratic approximation. Since (2.2) is minimized at the
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Newton step,

o~ o~

f@) —p" = f() —inf f(y) = f(2) = (2 + Aza)
= V(@) Ary — %AxftVQf(x)Axnt
= V(@) [V f(2)] 'V f(z) - %Vf(w)T[Wf(w)]’lVf(x)
1
In simplifying the quadratic term, we use symmetry of the Hessian and its inverse.

2.2.1 Backtracking line search
Suppose Az is a descent direction for f at « € dom f a € (0,3) and 8 € (0,1).
1. Initialize ¢t = 1.

2. While
fx+tAz) < f(x) + atVf(z) Az

is not satisfied, reduce the step size by setting ¢t < fSt.

3. Return the first step size satisfying the condition.

The right-hand side is smaller than f(z) because Vf(x)" Az < 0. Thus, the condition requires a sufficient
decrease in the objective value.

2.2.2 Newton’s method algorithm
Given a starting point 2 € dom(f) and tolerance € > 0, repeat:

1. Compute the Newton step and squared decrement:

Azn = —[V2f(2)] 'V (@),  ANx)? =V (@) [V2f(2)] "'V f(x).
2. Stop if A(z)?/2 <e.
3. Choose a step size t by backtracking line search.

4. Update z < x + tAxy.

2.3 Convergence discussion

Newton’s method can converge much faster than gradient descent because it uses curvature information in
addition to the gradient.
The convergence argument uses the following assumptions:

1. f is twice continuously differentiable.
2. f is strongly convex with parameter m > 0; in particular,
V2f(x) = mlI, x€S.

V2f(z) < MI, reS,
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3. The Hessian is bounded above and is Lipschitz continuous. For constants M > 0 and L > 0,

[V2f(x) =V fW)|l, < Lllz—ylly,, zyeS.

Here, || A||, denotes the spectral norm, which is the largest singular value of A.

2
We will show 3 n,~ s.t. O<n§mf, v > 0,

s.t. the following hold:

o If HVf(:c(k))Hg >, then
FD) — fa®) <

o If [V f(z™)||2 < n, then the backtracking line search selects t(*) = 1 and
L (k+1) L CYAY
L) < (S IV

Suppose that for some iteration k, HVf(Jc(k))H2 < n, then HVf(gc(k))H2 <m?/L

L 1
— (k) H < <1
9m? va(x ) 5 <

2m2 H

o] < () < g 1]

[vset ], < s, <

So HVf(x<S>)H2 <n,Vs > k.

Note
o], & <1
for all £ > k,
oz 976, = 5z o))
< (3 |vreen),)”
— \2m?2 2
<.
227k
< (L Vf(m““)))L)

Recall the strongly convex objective-gap bound

F@) —p* < 5 V@R
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where p* = min, f(z). Therefore,

!
F@) =" < O3
kN 2
1 (2m? /1\%
< (22 (Z
Som\ T \32

om3 (1\2
R (2>

Let 2( is the initial point then the number of iterations in Stage 1 is at most
f@@) —p*
S .

For Stage 2, we want
fa) —p* <e

To achieve an objective gap no larger than ¢, it is sufficient that

L—k+1
omd (1\> B
7[/2 5 ~ €.
{—k+1
2 € 2m3
5 < g, where €9 = 12
9 ol—k+1 < i
€0

Taking logarithms base 2,

Therefore,

Taking logarithms base 2 again,

{—k+1>log,log, (60)

€

Combining the two stages gives the below iteration-count estimate:

f(x(oiy) - + log, {logz (%)} )

The number of iterations in the second stage is bounded by a term of order log, log,(go/€), which is very
small (almost constant) compared with the first-stage bound. The main contribution is coming from the
first stage.
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Chapter 3

Equality constrained optimization [1]

3.1 Equality constrained minimization

3.1.1 Introduction

In this lecture, we begin the discussion of the methods for solving a convex optimization problem with
equality constraints. We want to minimize f(z),

minf(x)
s.t. Az =0,

where A € RP*™,
To compare this problem with the general framework discussed in the previous lectures, we can rewrite

the problem as follows:

minf(x)
s.t. Az —b=0,
aj
T
az
where A= | . | and a4, i € {1,2,...,p} are column vectors.
a
Then
atz —b;
alz — by
Ax — b= . =0. (3.1)
agx — by

From Eqn. (3.1) we can determine the equality constraint h;:

hj(x) :ajT:r—bj,
for j € {1,2,...,p}

21
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3.1.2 Equality constrained Convex Optimization

We are working with the convex optimization problem. To find a solution, make the following assumptions:

1. f(x):R™ = R is convex and twice continuously differentiable

2. A € RP*" has full row rank, i.e. it has linearly independent rows and rank(4) =p < n

3. Optimal solution z* € dom f exists and p* = f(«*) will produce the smallest value of f(z).

To solve this problem, try using the KKT conditions.
The Lagrangian without the inequality constraint A is:

o) = 1)+ it
Zp: a x —bj)

(z) + T(Aw —b)

f
f

where v € RP is associated with the equality constraints.
The KKT conditions are as follows:

1. V.L(z,v) =Vf(z) + ATv =0,

2. NA since there are no inequality constraints,
3. Az =b,

4. NA since there are no inequality constraints,
5. NA since there are no inequality constraints.
Then (z*, v*) satisfies

Vf(z*)+ ATv* =0
Ax* =b.

Since x € R™ and A € RP*"™,
Vi) +ATv* =0
has n equations, and

Az* =b

has p equations.
Therefore, there are n + p equations in the n + p variables z*, v*.

(@) + ((ATv) "z = v7h),

(3.2)

from (3.2)

from h;(z) =0, where h; = Az — b



23

3.1.3 Equality constrained convex quadratic minimization

Consider a simple example to build intuition.
10.1.1. Equality constrained convex quadratic minimization.
Let f(z) = 227 Pz 4+ ¢q"x + r be a quadratic function. We want to minimize f(z),

minf(x)

s.t. Az =0b, (3.4)

where P € S and A € RP*". Note that S} are n x n PSD matrices with all eigenvalues > 0.
Then
Vf(z)=Pr+q

and

Vif(z) =P,

hence, V2 f(x) is PSD, which implies that f(x) is convex.
Applying the derived KKT conditions in Eqn. (3.3) to this special case yields the following optimality
conditions:

Pr* 4 g+ ATv =0
Ax* = b,

which implies

Pr* + ATy = —¢
Az* +0xv* =D

The linear system of equations in Eqn. (3.5) can be rewritten in the matrix notation:

adIE 69

P AT
i)
is called the KKT matrix.
Solving this linear system of equations produces the desired solution to the equality constrained quadratic
minimization problem.
There is a unique optimal primal-dual pair (z*, v*) if the KKT matrix is non-singular. If the KKT
matrix is singular and the system is solvable, any solution produces an optimal pair (z*, v*). If the system
is unsolvable, the quadratic optimization problem is unbounded below.

where

Lemma 3.1.1. If (3.6) has no solution, then (3.4) is unbounded below.
To prove this lemma, we need another lemma:

Lemma 3.1.2. If a matriz B € R¥? js symmetric and y ¢ colspan(B), then 3z Bz =0 and {(z, y) > 0.
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Proof. Recall: B = [bl by ... bd}, where b; for j € {1,2,...,d} are column vectors. Then

d
colspan(B) = {Z Ajbi | A; € R}

j=1

= {B\| X e R%}. (3.7)
From Eqn. (3.7),

y ¢ colspan(B) < BA = y has no solution.

Since y ¢ colspan(B), Jy1,y2 y = y1 + Y2, where y; € colspan(B) and yo L colspan(B).
In other words, we can decompose the vector y into components parallel and perpendicular to colspan(B)
as in Fig. (3.1).

Figure 3.1: Vector y is decomposed into components y; (parallel to the column span of B) and ys (perpen-
dicular to the column span of B).

Assume yy = 0. Then there is no component of y perpendicular to colspan(B), which means y = y; €
colspan(B). It contradicts the assumption that y ¢ colspan(B). Therefore, ys # 0.

Since y2 L colspan(B), (ya, b;) =0 for i € {1,2,...,d}.

The equation above can be rewritten as

b{yz
bgyz T
. =0 By =0« By, =0
b§y2
since B is symmetric.
Now, check that (y2, y) > 0.

(Y2, ¥) = (Y2, y1 + Y2) = (Y2, Y1) + (Y2, Y2)
=0+ <y23 y2>
= [ly2/* > 0,

since yo # 0 and y2 L yy = (y2, y1) = 0.



25

Using Lemma 4.2, we can prove Lemma 4.1.

Proof. If (3.6) has no solution, then

—q P AT
{b}gécolspan[A 0].
By Lemma 4.2, 9z = B}] such that

4 1=

and

<m : hq]> >06 —qTv+bTw >0 (3.8)

Let & be feasible point of (3.4), i.e. & satisfies the constraint Az = b.
Then & + tv is also feasible for all ¢, where v is a particular direction and t is the step size.

Indeed,
P AT] v 0 P+ ATw=0 Py=—-ATw
A 0 w 0 Av =0 Av =0

and

A2+ tv) = A(2) + t(Av) = b+t x 0 = b,

which implies that & + tv is feasible.
Then

f(@+tv) = f(2) + t(" Pi + q"v) + %tQUTPv
= f(2) + t(@TPv+q"v) + %tszPv
= f(@) + t(@" (—ATw) + ¢"v) + %tQUT(fATw) from (3.9)
= f(@) +t(—2T ATw + q"v) — %t2wTAv
= f(@) +t(=bTw+q"v) -0 using Az =b and Av =0
Since (—¢Tv + bTw) > 0 by Eqn. (3.8), we have (—b%w + ¢Tv) < 0. Then
tlgrolo f(@+tv) = —o0.

Therefore, the quadratic optimization problem is unbounded below. O
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3.2 Eliminating equality constraints

3.2.1 Review: equality-constrained minimization

Consider

minimize f(x)
3.10
subject to Ax = b, ( )

where f is convex and twice continuously differentiable, A € RP*™ and rank(A) = p. Thus the equality
constraints have no redundant rows. At a primal optimum z*, the KKT conditions are

Vf(x*)+ ATv* =0, Ax* = b, (3.11)

where v* € R? is dual optimal.

3.2.2 Review: Quadratic objective

For the quadratic objective
1
fl@) = 5" Pa+qTa 4,
the gradient is Px + g. Consequently, (3.11) becomes the linear system

1

The block matrix has size (n+p) x (n+p). If it is invertible, the system has a unique solution. If the feasible
convex quadratic problem has no solution to (3.12), its objective is unbounded below.

3.2.3 Parameterizing the feasible set (Section 10.1.2)

Choose any particular solution Z of Az = b, and let F' € R"*("~?) have columns forming a basis of the null
space of A. In particular,
AF =0, range(F') = null(A).

Every point can be written as
{r: Az =0} ={Fz+7:2€R" P} (3.13)

To verify, take x = Fz + Z. Then
Az =A(Fz+2)=AFz+ Az =0+b=0.

Define f(z) = f(Fz + Z). Problem (3.10) is equivalent to the unconstrained problem

minimize f(z).
zERn—P

After finding a minimizer z*, we recover a minimizer of the original problem as z* = Fz* + Z.

3.2.4 Optimal allocation with a resource constraint (Example 10.1)
Consider the separable objective and resource constraint
n
minimize Zfl(xl)
i=1

n
subject to Zwi =b.

i=1
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Here A = [1 e 1] has rank one. Eliminating the last variable gives

n—1
Tp = b— § T,
i=1

and hence the unconstrained function in n — 1 variables is

n—1 n—1
Z fi(zi) + fu (b - Z%) :
=1 i=1

Now the constraint is removed.
This substitution can be written in the format of (3.13). Let e, be the last canonical basis vector in R™, and
choose

0
0 -1
b

where 1 € R™! is the vector of ones. We have AZ = b, AF = 0, and the columns of F are linearly
independent, so they form a basis of null(A). Therefore

z
n—1
b=l %

which recovers precisely the elimination formula above.

Fz—i—@:{ ], zeRML,

3.3 Newton’s method with equality constraints
Now consider the equality-constrained problem

min f(x) subject to Az = b,
x
where A € RP*™. Suppose the current iterate x is feasible, meaning Ax = b.
For a step v, the second-order approximation to the objective is

1
Fla+0) = f(@) + V@) o+ 50T V(@ i= o+ o)
Feasibility of the new point requires
Az +v) =0.
Since Az = b, the step must satisfy Av = 0. Therefore, the local quadratic problem is

1
minimize, Vf(z) v+ §UTV2f(x)U
subject to Av = 0.

The constant term f(x) can be omitted because it does not affect the minimizer.
Recall:

1
minimize ixTPx +qlz+r

subject to Ax =0b
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KKT system:
Az =)
Pr*4+q+ATv =0

AN

" )b

Optimize over Axyg:

Newton decrement

M)

2 )

fx) —p* ~ f(z) — inf {f(x+v)}:

v
A(z+v)=b

3.3.1 Algorithm for Newton’s method with equality constraints

Given a starting point € dom f satisfying Az = b and a tolerance € > 0, repeat the following steps.

1. Compute the constrained Newton step Az, by solving the KKT system. Compute the squared Newton
decrement
MNz)? = Az V2 f(2) Azy.

2. Stopping criterion: stop if
A(z)?
2

<e.

3. Line search: choose a step size t using backtracking line search

4. Update: set
T 4 T+ tATy.

Since the constrained Newton direction satisfies AAx, = 0, each update preserves Az = b.

3.3.2 Feasible descent directions

A vector v € R" is a feasible direction for the equality constraint if
Av = 0.
It is a feasible descent direction at x if

Av =0 and f(z+tv) < f(z) for all sufficiently small ¢ > 0.



Chapter 4

PCA

4.1 Introduction

We have a high dim data set. It distributes around a low dim set.

Dimension Reduction: Reorganize the data in a low dim space. We want to preserve some properties of

the data set in the low dim representation.
Principal Component Analysis (PCA).

1. Algorithm.
2. In what sense it reorganizes the data.
3. Efficient algorithm through SVD.

PCA is a linear dimension reduction method.
Data set:
{Xy1,...,X,} CRP, p is large.

X;=11, p vector.

My = %zn:Xl € RP.
i=1

4.2 Sample Covariance Matrix

Properties of C,,.

1. C), is symmetric.

29
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2.
C,=UANUT,  Ue€O(p).
U is an orthogonal p x p matrix, i.e.
UUT =UTU = Iyxyp.

)\1 0 | |

A = B U - u1 up
0 Ap | |

AL > 2 A 20
{u1,...,u,} are orthonormal eigenvectors, i.e. C,, is positive semi-definite. This follows from the structure

of C,, in (%) (e.g. eigenvalues > 0).

(Xisu;)?_; are the orthonormal eigenpairs of C,,.

4.2.1 Understand %, (or C,)

u; : direction of the ith largest variance of the data {X1,..., X,}.

Ag
n—1

tth largest variance.

eigenvalue of %,

p =2, {Xy,...,X,,} CR?
u1

4.3 PCA Algorithm

Input: {Xi,...,X,} CRP.

# of principal components: k.

Step 1. Construct C,, using {X1,...,X,}.
Step 2. Find the eigendecomp of Cp,:
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Step 3. Project X; — u, onto the first k eigenvectors.

Projection:

uf (Xi — )

4.4 In What Sense PCA Reorganizes the Data

PCA reduce the dimension of the data from R? to R*.

n

=1

i=1

=0
PCA reorganize the data in the following sense.

1. Projection with maximum variability. Project {X; — up,..., X, — un} onto the principal com-
ponents corresponding to the directions with k largest variances of the data.

2. It finds a k-dim affine subspace of R? that best fits the data in the least square sense.

4.4.1 Recall Affine Space

V' is a vector subspace of RP, a € RP.
affine subspace  a+V ={a+v|veV}.

dim(a + V) = dim(V).

a+V
%4

e
~

dim(V) = k, V is a subspace of RP.

{@,...,u} form an orthonormal basis of V.

B; € R, i=1,...,n.
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Bi1 | |
Bi=|: | eR", U= |u - U
Bik | |
N k
yi:a+Uﬁi:a+Zﬁi,jﬂj€a+V-
i=1

4.4.2 Least Square Metric

Given {X1,...,X,} C R? and an affine subspace a + V of R?,

{y17'~'7yn}ca+V

U=l -
|

{@;} are orthonormal basis of V. We can find fi,..., 3, € R* s.t.

I(

n
CL,U 3 617"'7671 ):ZHXl_yZH]%T’
~~ — i—

determines the affine determines y;€a+V
subspace a+V

= Z X —a— [751”1?&1) :
i=1

4.4.3 PCA Minimizes the Least Square Metric

Theorem 4.4.1. Given {X4,...,X,} CRP, let

1 & - | |
az,unszXieRp, U= |u; -+ wuy| € RP¥F,
n
= | |
Uuy,...,u are the orthonormal eigenvectors of C,, corresponding to the decreasing order of the eigenvalues.

B = X; (output of PCA).

Then I(a, U, By, Bn) is minimized.
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ILe. PCA finds yi,...,y, in the affine space u, + V with coordinates (,...,05, and V generated by
U, ..., U so that
n
Z | X; — ]| is minimized.
i=1

a+V

4.5 Complexity of the PCA Algorithm

Step 1.

n

=1

i=1
Recall the Big O notation. Complexity (# of operations, e.g. addition and multiplication).
Complexity in step 1:

cp-n < 20%n = O(p%n).
n +p-p-n<2pin (p°n)
Hn Cn

Step 2. Eigendecomposition. Complexity O(p?).
Step 3. Projection. Complexity is dominated by the complexity in the first 2 steps.
Total complexity is
O(p*n +p°).

4.6 Singular Value Decomposition (SVD)

M € RP*™,
SVD: M=USvVT.

U: p xporthogonal matrix,

V':  n xn orthogonal matrix,

S € RPX™,
(o} 0 o1 0
S = E or . 0
0 Omin(p,n .
0 (por) 0 Omin(p,n)
p>n p=n

0120222 Omin(p,n) > 0.
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They are singular values of M. Column vectors of U (or V') are the left (right) singular vectors.

Y=|X1—pn - Xp—p,| € RPF
\ |
Observation: .
SVD of Y: L
y =Uxv7T.

c,=U0xvTvTyT
N——"

I’VLX’VL
i
=UAUT eigendecomposition.
— Ai =02>0, A=3xxT, U=U.

eigenvalues of C),

First k singular vectors of Y can be calculated in O(pnk).

pnk < p?n + p>.

Use SVD of Y to replace the first two steps of PCA.




Chapter 5

Vector spaces [3]

5.1 Introduction

The lecture begins by recalling principal component analysis (PCA) and Newton’s method for equality-
constrained minimization. We then review vector spaces and their bases, norms and inner products, matrix
norms, and the dual space, following Chapter 1 of Beck’s First-Order Methods in Optimization [3, Sec-
tions 1.1-1.4, 1.6-1.8, and 1.11]. Throughout these notes, scalars are real. Statements about a finite basis
or the representation of every linear functional are made in the finite-dimensional setting.

5.2 Vector Spaces, Bases, and Dimension

Definition 5.2.1 (Real vector space). A real vector space F is a nonempty set equipped with addition
E x F — E and scalar multiplication R x E — FE satisfying the following properties. For all x,y,z € F and
a, B eR:

Addition is commutative: x +y =y + x.

Addition is associative: x + (y + z) = (x + y) + 2.

There is a zero vector 0 € E such that z 4+ 0 = .

Each z € F has an additive inverse —z € E such that z + (—z) = 0.
Scalar multiplication is associative: a(fz) = (af)z.

Multiplication by one leaves a vector unchanged: 1lx = x.

Scalar multiplication distributes over vector addition: a(z + y) = az + ay.

Scalar multiplication distributes over scalar addition: (a+ f)z = ax + Sz.

The zero vector and the additive inverse of each vector are unique. For example, if 0 and 0 are both zero
vectors, then 0 = 0+ 0’ = 0’. The familiar spaces R™ and R™*" are vector spaces under entrywise addition
and scalar multiplication. In particular, a “vector” in an abstract vector space may itself be a matrix.

5.2.1 Linear independence and span

Definition 5.2.2 (Linear independence). A finite family vy,...,vx € E is linearly independent if
k
Zaivi:() == a1 =---=qo;=0.
i=1

35
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Thus, the only linear combination of these vectors that equals zero is the trivial combination. Otherwise the
family is linearly dependent.

Definition 5.2.3 (Span and basis). The span of vy, ..., vy is

k
span{vy, ..., v} = {Zﬁivi 2By, B € R}~
i=1

The vectors span E if every x € E can be written as z = Zle Biv;. A basis of E is a linearly independent
family that spans F.

Spanning guarantees that a coordinate representation exists, while linear independence guarantees that
it is unique. Indeed, if >, a;v; = ), Biv;, then Y. (o — B;)v; = 0, so a; = f3; for every i. All bases of
a finite-dimensional vector space have the same number of vectors. This number is the dimension of F,
denoted dim(FE).

Example 5.2.4 (Standard basis of R™). Let e; be the vector with a one in coordinate ¢ and zeros elsewhere.
Every x = (z1,...,2,)" has the representation

n
T = E Ti€5.
i=1
Moreover, ) . aje; = 0 implies o; = 0 by examining coordinate i. Hence ey,...,e, form a basis and
dim(R"™) = n.

Example 5.2.5 (Standard basis of R™*"). For 1 <i<mand 1 < j <mn, let E;; denote the m x n matrix
whose (7, j) entry is one and whose other entries are zero. Then

A:in:zn:AijEij, A e R™*",
i=1 j=1

If >, aiEij =0, its (4, j) entry is o, so every coefficient vanishes. Thus the mn matrices E;; form a basis
and
dim (R™*") = mn.

5.3 Norms and Inner Products

5.3.1 Norms and balls

Definition 5.3.1 (Norm). A norm on a real vector space E is a function || - || : E — R satisfying, for all
z,y € Fand A € R:

(i) Nonnegativity and definiteness: ||z|| > 0, with ||z|| = 0 if and only if z = 0.
(ii) Absolute homogeneity: || x| = |\|||z]|.
(iii) Triangle inequality: ||z + y| < ||z|| + ||lyl|-
A norm measures the size of a vector, and ||z — y|| measures the distance between two vectors. For

example, the Euclidean norm on R" is
n 1/2
b= (3)
i=1

Given a center ¢ € F and a radius r > 0, the open and closed balls in the chosen norm are, respectively,
Ble,r)={z € E:|lz—¢|| <r} Ble,r)={z € E:|lz—¢| <r}.

Their shapes depend on the norm, so a ball need not look like a Euclidean sphere.



37

5.3.2 Inner products and their induced norms

Definition 5.3.2 (Real inner product). An inner product on E is a function (-,-) : E x E — R with the
following properties:

(i) Symmetry: (x,y) = (y,x).

(ii) Linearity in the first argument:

(o121 4+ asze,y) = a1 (x1,y) + as(z2,y).

(iii) Positive definiteness: (x,x) > 0, with (z,x) = 0 if and only if z = 0.

Here x,y,x1,22 € F and a7, a3 € R. Symmetry and linearity in the first argument also give linearity in the
second argument.

Example 5.3.3 (Euclidean inner product). On R™, the usual dot product is
n
(wy) =2Ty=> ziyi.
i=1

Its induced norm +/(x, z) is the Euclidean norm ||z||2.

Proposition 5.3.4 (Norm induced by an inner product). Every real inner product induces a norm by

]l = v/ (2, ). (5.1)

Proof. Nonnegativity and definiteness follow from the inner product axioms, and bilinearity gives ||[\z|? =
A?||z||2. To verify the triangle inequality, first note the Cauchy—Schwarz inequality

[,y <zl llyll.
For y # 0, it follows by expanding 0 < ||z—ty||? at t = (x,y)/||y||*; the case y = 0 is immediate. Consequently,
2+ yl1* = ll2) + 2(2, v) + lylI* < (<]l + ly])*.

Taking square roots proves the claim. O

Example 5.3.5 (Q-inner product and @Q-norm). Let @ € St |, where S, denotes the set of real symmetric
positive definite n x n matrices. Thus QT = Q and 2" Qz > 0 for every x # 0. Define

(o =2"Qu, |zl =2TQuz.

Verifying that this is an inner product was an exercise in the lecture. Linearity follows from matrix multi-
plication, and symmetry follows from

2'Qy=(2"Qy) =y QTz =y Qu.

Positive definiteness follows from the assumption on Q. Equation (5.1) then gives the stated @-norm. For
Q = I, these reduce to the ordinary dot product and Euclidean norm.
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5.3.3 The p-norms on R"

For 1 < p < 00, the p-norm of x € R" is

n 1/p
ol (zmp) |
=1

In particular, ||z||; = ), |«;|, and p = 2 gives the Euclidean norm. The restriction p > 1 is necessary for
this formula to define a norm: when 0 < p < 1, the triangle inequality fails in general. For p > 1, its triangle
inequality is Minkowski’s inequality. The infinity norm is

[2]loc = max |z;].
1<i<n

It is the limiting case of the p-norms:
T o]y =[] (5.2)

To see this, put M = max; |z;|. At least one term in the sum is MP, and all n terms are at most MP.

Therefore
n 1/]7
M < <Z xﬂ> <nl/PM.
i=1

Since n'/? — 1, the squeeze theorem proves (5.2), including the case = = 0.

5.4 Norms on Matrix Spaces

5.4.1 The Frobenius inner product and norm

Because R™*™ is a vector space, its elements can also be equipped with an inner product. For A, B € R™*"
define

<A, B>F = Zm: zn: AijBij = tI‘(ATB) (53)

Here ATB is n x n, and the trace is the sum of its diagonal entries. Indeed, (ATB);; = Y, A;;B;j, which
proves the last equality. This is the ordinary Euclidean inner product applied to all mn matrix entries.
The associated norm is the Frobenius norm:

1/2
IAlr = V(A A)p =D ) A% = \/tr(ATA). (5.4)
i=1 j=1
Thus tr(ATA) = ||A||%; the square root is essential when writing the norm itself.

5.4.2 Induced matrix norms

An m x n matrix can also be viewed as a linear map A : R®™ — R™ sending x to Az. Suppose the domain
has a norm || - ||, and the codomain has a norm || - ||p.

Definition 5.4.1 (Induced matrix norm). The matrix norm induced by these two vector norms is

1Al

A
ap = max ||Az|, = max |Az|, = sup H x”b.
lzlla<1 lella=1 2#0 [|7lla

(5.5)
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The first subscript specifies the input norm, and the second specifies the output norm. In finite dimensions
the closed unit ball is compact and x +— || Azx||y is continuous, so the maximum exists. The equivalent forms
in (5.5) follow by scaling any nonzero vector to have unit norm.

In particular, the definition gives

lAZls < || Allap |1Z]la for every z € R™. (5.6)
For x # 0, apply the definition to z/||z||, and multiply by ||x|4; for 2 = 0, both sides vanish. Thus the
induced norm measures the largest possible amplification of a vector’s size by the linear map.

It is also a norm on the vector space of matrices. Absolute homogeneity is immediate. If A # 0, some
Az is nonzero, so ||A||q.» > 0. Finally, the vector triangle inequality gives

I(A+ B)zlly < [[Azllo + || Bzlls < ([Alla,p + [|Blla,p)l%]la,

and maximizing over the unit ball proves the matrix triangle inequality.

5.4.3 Spectral norm

When both vector norms are Euclidean, we obtain the spectral norm:

[All2 == [|All22 = max [[Az]2 = omax(A) = \/ Amax(ATA). (5.7)

llzll<1

Here 0pax(A) is the largest singular value of A, and Apax(ATA) is the largest eigenvalue of the symmetric
positive semidefinite matrix AT A.

Verification of the spectral-norm formula (lecture exercise). For a unit vector z, ||Az||3 = T AT Az. Write
ATA=UAUT, with U orthogonal and A = diag(\y, ..., \,), where \; > 0. If y = Uz, then |jy|2 = 1 and

n n
LL'TATA.’IJ = Z )\ny < Amax ny = Amax-
=1 =1

Equality is attained at a unit eigenvector for A\pax. Taking square roots gives (5.7). O

5.4.4 Maximum absolute column sum norm

For a = b =1, the induced matrix norm is

m
4= 1Al = o, 40l = e 3451 6:8)
Thus the matrix 1-norm is the largest absolute column sum.
Verification of the column-sum formula (lecture exercise). Let ¢ = max; ) . |A;;|. For every x,
m | n n m
Azl = 1Y Aijay| <Y la] D Ayl < cllfh-
i=1 |j=1 j=1 i=1

Hence ||Alj;s < ¢. Choose a column j, attaining ¢ and let © = e;,. Then ||z||; = 1, and Az is that column,
so ||Az||s = ¢. This proves equality. O
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5.4.5 Maximum absolute row sum norm

For a = b = 0o, the induced norm is

14l := |Alloo,c0 = max [ Az]leo = 121@712; Al (5.9)
]:

]l <

Thus the matrix infinity norm is the largest absolute row sum.

Verification of the row-sum formula (lecture exercise). Let r = max; ), |A;j|. Then

[ Az]|oc = max > Ayl < m?XZ [Aijl || <l
i i

For equality, choose a row i, attaining r, and set z; = 1 if 4;, ; > 0 and ; = —1 otherwise. This choice has
|2]loc = 1 and
n n
(Az)i, =) Aijaj =Y Al =r
j=1 j=1
Therefore ||Allc = 7. O

Remark 5.4.2 (Distinguishing matrix norms). The Frobenius norm measures the Euclidean size of all
matrix entries, whereas the spectral norm measures the largest Fuclidean amplification of a vector. For
example, ||I,||F = +/n but ||I,||2 = 1. Also, the induced matrix 1-norm is a maximum column sum, not the
sum of the absolute values of all entries.

5.5 The Dual Space

Definition 5.5.1 (Linear functional and dual space). A linear functional on F is a linear map f: £ — R,
meaning

flax +By) = af(x)+Bf(y)  (z,y€E, o,fER).
The dual space is the set of all such functionals:
E*={f:E —R: fis linear}.
With pointwise operations (f +¢g)(x) = f(z) + g(x) and (af)(z) = af(x), the set E* is itself a vector space.

Lemma 5.5.2 (Representation of linear functionals). Let E be a finite-dimensional real inner product space.
For every f € E*, there is a unique vector v € E such that

f(z) = (v, ) for every x € E. (5.10)
Proof. Choose an orthonormal basis ug,...,uq of E, where d = dim(FE), and set

d

v = Zf(uz)uZ

i=1

For x =), x;u;, linearity and orthonormality imply

d d d
f(z) = Z%f(uz) = <Z f(ui)uiazmjuj> = (v, 7).
i=1 i=1 j=1

This proves existence. If v and w represent the same functional, then (v — w,z) = 0 for every z. Setting
T =v—w gives |[v—w|? =0, so v =w. O
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For each v € E, the map J(v) :  — (v, ) is a linear functional. The lemma shows that J: E — E* is a
bijection, and bilinearity shows that J is linear. Therefore

E~E*,  dim(E*) = dim(E).

The board notation E* = E expresses this identification: vectors and linear functionals are different objects,
but the chosen inner product provides a one-to-one linear correspondence between them. Finite dimension-
ality is part of the statement here; the same claim about all linear functionals does not hold for arbitrary
infinite-dimensional inner product spaces.

Example 5.5.3 (Coordinate form of the representation). On R™ with the standard dot product, every
functional is f(z) = a'x, where a = (f(e1),..., f(e,))". If instead we use the Q-inner product from
Example 5.3.5, the representing vector is v = Q~'a, since

(Q ta,x)g = (Q'a)"Qr =a'x.

Thus the functional remains the same, but its representing vector depends on the chosen inner product.

Definition 5.5.4 (Dual norm). Given a norm ||-|| on E, the dual norm on E* is
Iyll. ;== sup {y,x) = sup (y,x)
lIx][<1 ll[l=1
(all x in unit ball) (unit sphere)

The two suprema will be the same.

Lemma 5.5.5. Consider p,q > 1, satisfying % + é = 1. Then on R™, the dual norm of the p-norm is the
g-norm.

Example 5.5.6.

dual norm dual norm
S A e Il T F 1
The dual norm of the Euclidean norm is itself: if E has ||-||,, then E* has [|-|,.
Lemma 5.5.7 (Generalized Cauchy-Schwarz inequality).
Iy, %)l <lyll,-lIxl,  VvyeE" xeck.

Remark 5.5.8. If ||-|| = ||-||5, this is the Cauchy-Schwarz inequality

[y, 3l < Iyl - Il -
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Chapter 6

Closed functions and subgradient [3]

6.1 Extended Real-Valued Functions and Closedness

Our goal is to minimize some function, where E is the domain. We consider extended real-valued functions
f: E — [—o0,00],
where we allow the value co in the range.
Definition 6.1.1 (Effective domain).
dom(f):={x€ E: f(x) < oo}.
Since we want to minimize, we do not allow the function to reach co on its domain.

Example 6.1.2 (Indicator function). Consider C' C E. Then the indicator function of C is

0, eC
Jo(x) = {OO z oy dom(d¢) = C.

This turns a constrained problem into an unconstrained one:

min f(x)

st.xec 0 IR,

where the right-hand side is an unconstrained minimization problem. Both find the smallest value of f(x)
over x € C.

Definition 6.1.3 (Epigraph).
epi(f) ={(x,9) : f(x)<y, x€E, yeR}.
The epigraph is the region that lies on or above the graph of f(x).
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f(x)

Figure 6.1: The epigraph of f is the region on or above the graph of f.

Definition 6.1.4 (Proper function). f is called proper if there exists at least one x € F such that f(x) < oo,
i.e.,, dom(f) # (0. As long as the function is not +oo for every value, it is called proper.

Definition 6.1.5 (Closed function). A function f : E' — [—o00,00] is closed if its epigraph is closed.

Example 6.1.6.

f(w)={0’ L<r<2_ 5 @

00, otherwise

YU
NQ-------- - -

Figure 6.2: The epigraph of (1,2). The dashed boundary lines are not included, so the epigraph is not closed.

Proposition 6.1.7. The indicator function d¢ is closed if and only if C is a closed set.

Proof.
epi(dc) = {(x,y) : dc(x) <y, x€E, ye R} =C xRy,

since x can take any value in C' and y any nonnegative real value. Hence epi(d¢) is closed if and only if C
is closed. 0

Example 6.1.8. Let f: R — [—00, 00| be given by

f(x)—{“” o

oo, else

Then epi(f) = {(z,y) : >0, 1 <y} is closed, so f is a closed function. Note that dom(f) = (0,00) is
open, so a closed function need not have a closed domain.
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y=1/x

Figure 6.3: The epigraph of f(z) =1/x.

Definition 6.1.9 (Lower semicontinuity). A function f : E — [—o00, 0] is called lower semicontinuous at
xe it

f(x) <liminf f(x,)

n—roo

for any sequence {x,} C E with x,, — x. It is lower semicontinuous if it is lower semicontinuous at every
x e k.

Definition 6.1.10 (Upper semicontinuity). A function f : E — [—o0, 00] is called upper semicontinuous at
xe b if

f(x) > liminf f(x,)

n—oo

for any sequence {x,} C E with x,, — x. It is upper semicontinuous if it is upper semicontinuous at every
xeF.

Remark 6.1.11. A function is continuous if and only if it is both lower and upper semicontinuous.
Definition 6.1.12 (a-level set).
Lev(f,a) ={x € E : f(x)<a}.
Theorem 6.1.13. Let f : E — [—00,00]. Then the following three statements are equivalent:
(i) [ is lower semicontinuous.
(it) f is closed.
(#ii) For any oo € R, Lev(f,a) is closed.
Remark 6.1.14. Any continuous function is lower semicontinuous, so it is closed.
Theorem 6.1.15 (Operations preserving closedness).
(a) Let {fi}i~,, fi : E — (—o0, 00|, be closed, and consider {a;};~; CRy. Then f =", a;f; is closed.
(b) Let {fi},cr, fi: E — (—00,00], be closed. Then f(x) = max;cr fi(x) is closed.
(c) Let f be closed. Then g(x) = f(Ax+b) is closed.

Remark 6.1.16. If f1, fo are closed, then epi(max {f1, fo}) = epi(f1) Nepi(f2) is an intersection of closed
sets, so it is closed.
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Figure 6.4: The epigraph of max{f1, f2}.
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6.2 Subgradient

Definition 6.2.1 (Subgradient). Let f : E — (—o00, 00| be proper, and x € dom(f). A vector g € E* is
called a subgradient of f at x if

fy) =2 fx)+(gy—-x), VyekE.
Remark 6.2.2. Recall: if f is convex and differentiable, then
fy) =2 fx)+({Vf(x),y-%x), Vy.

Example 6.2.3. Let f(z) = |z|, € R. Then f is not differentiable at z = 0. At = 0, g is a subgradient
if Vy,

fly) > f(0)+g-(y—0)
=0+g-y

SO
lyl > gy, Vy.

So we want to find some g such that this is true.

For example: g =0, g =1, and in general when g € [—1, 1].

slope -1

Figure 6.5: For all the possible slopes g € [—1, 1], the lines stay below |z|, so g is a subgradient of |z| at 0.
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