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UCB:

Define ˆ︁f t(π) =
1

nt(π)

∑︂
s<t

rs1(πs = π) .

The upper confidence bound is

f
t
(π) = ˆ︁f t(π) +

⌜⃓⃓⃓
⎷2 log

(︃
2π2t2A

δ

)︃
nt(π)

.

Similarly, the lower confidence bound is

f t(π) = ˆ︁f t(π)−

⌜⃓⃓⃓
⎷2 log

(︃
2π2t2A

δ

)︃
nt(π)

.

With probability at least 1− δ,
f t(π) ≤ f⋆(π) ≤ f

t
(π).

The UCB action selection rule is
πt = argmax

π
f

t
(π).

Initialization:

At t = 1,
nt(π) = 0, ∀π ∈ [A],

and thus
f

1
(π) = ∞, ∀π ∈ [A].

In the first step, any arm may be selected since it is all infinity. Once a certain arm is selected, then the
upper confidence bound f for that arm is finite. So at t = 2, any remaining arm maybe selected. In the first
A steps, each arm will be selected once.

Lemma 0.1 (Confidence width potential lemma). We have

T∑︂
t=1

1√︁
nt(πt)

∧ 1 ≲
√
AT.
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Proof:

T∑︂
t=1

1√︁
nt(πt)

∧ 1 =
∑︂
π

T∑︂
t=1

1(πt = π)√︁
nt(π)

∧ 1.

Since
nt(πt) =

∑︂
π

nt(π)1(πt = π),

we can write
1√︁

nt(πt)
=
∑︂
π

1(πt = π)√︁
nt(π)

.

Therefore,
T∑︂

t=1

1√︁
nt(πt)

∧ 1 =
∑︂
π

T∑︂
t=1

1(πt = π)√︁
nt(π)

∧ 1.

Re-indexing according to the number of times arm π is selected,

=
∑︂
π

nT+1(π)∑︂
t=1

1√
t− 1

∧ 1.

Using
n∑︂

t=1

1√
t− 1

∧ 1 ≤ 1 + 2
√
n,

we obtain
≤
∑︂
π

(︃
1 + 2

√︂
nT+1(π)

)︃
.

Thus,
= A+ 2

∑︂
π

√︂
nT+1(π).

By Jensen’s inequality, since F (x) =
√
x is concave,

1

A

∑︂
π

√︂
nT+1(π) ≤

√︄
1

A

∑︂
π

nT+1(π).

Hence,

A+ 2
∑︂
π

√︂
nT+1(π) = A+ 2A

(︄
1

A

∑︂
π

√︂
nT+1(π)

)︄

≤ A+ 2A

√︄
1

A

∑︂
π

nT+1(π).

Since ∑︂
π

nT+1(π) = T,

we get

≤ A+ 2A

√︃
T

A
= A+ 2

√
AT.
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Finally, consider two cases:

1. If A ≤
√
AT (equivalently, A ≤ T ),

then
A+ 2

√
AT ≤ 3

√
AT.

2. If A > T,

then trivially
T∑︂

t=1

1√︁
nt(πt)

∧ 1 ≤ T ≤
√
AT.

Therefore,
T∑︂

t=1

1√︁
nt(πt)

∧ 1 ≤ 3
√
AT
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