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1 Introduction

The previous lecture considered convex minimization with linear equality constraints. We first review its
optimality conditions, then eliminate the constraints by parameterizing the feasible set. This reduces the
problem to unconstrained minimization. We next introduce Newton’s method for unconstrained minimiza-
tion, interpret its search direction using Taylor approximations, and derive the Newton decrement and a
stopping criterion.

2 Review: equality-constrained minimization

Consider
minimize f(x)

subject to Ax = b,

(1)

where f is convex and twice continuously differentiable, A € RP*™ and rank(A) = p. Thus the equality
constraints have no redundant rows. At a primal optimum z*, the KKT conditions are

Vi) + ATv* =0, Az™ = b, (2)

where v* € RP is dual optimal.

2.1 Quadratic objective
For the quadratic objective
flz) = %xTP;v +qTz +r,
the gradient is Pz + g. Consequently, (2) becomes the linear system
T *

Al E -0 0
The block matrix has size (n+p) x (n+p). If it is invertible, the system has a unique solution. If the feasible
convex quadratic problem has no solution to (3), its objective is unbounded below.

3 Eliminating equality constraints

3.1 Parameterizing the feasible set (Section 10.1.2)

Choose any particular solution Z of Az = b, and let F' € R"*("~P) have columns forming a basis of the null
space of A. In particular,
AF =0, range(F') = null(A).



Every point can be written as
{x: Az =b}={Fz+7:2€R" P} (4)
To verify, take x = Fz + Z. Then

Az =A(Fz+Z)=AFz2+Az=0+b=0.

Define f(z) = f(Fz + ). Problem (1) is equivalent to the unconstrained problem
minimize f(z).
z€ERn—P

After finding a minimizer z*, we recover a minimizer of the original problem as z* = Fz* 4 Z.

3.2 Optimal allocation with a resource constraint (Example 10.1)
Consider the separable objective and resource constraint
minimize Z filxs)
=1

n
subject to in =b.

i=1

Here A = [1 e 1] has rank one. Eliminating the last variable gives

n—1
Tp = b— § T,
=1

and hence the unconstrained function in n — 1 variables is

n—1 n—1
Z fi(zi) + fu (b - Z%) :
=1 i=1

Now the constraint is removed.
This substitution can be written in the format of (4). Let e, be the last canonical basis vector in R™, and
choose

0
-~ : I, nx(n—1)
r=be,=|"|, F= 17 eR ,
0 _
b

where 1 € R ! is the vector of ones. We have AT = b, AF = 0, and the columns of F are linearly
independent, so they form a basis of null(A). Therefore

Fz—i—@z{ ze R L

z
b— Y )

which recovers precisely the elimination formula above.

4 Newton’s method for unconstrained minimization (Section 9.5)

Now consider minimizing f(z) without equality constraints. At a current point x € dom(f), the Newton
step is

vy = —[V2 (@) 1V (). (5)
Equivalently, it solves the linear system V2 f(x)Axy = —V f(z).



4.1 The Newton step is a descent direction
For a direction v, the directional derivative at x is

= (Vf(x),v) = Vf(z) .

d
—f(z+tv)
dt t=0

A negative value means that v is a descent direction. Substituting (5) yields

= —V[f(@)'[V*f(2)] 'V f(z) <0.

d
%f(l' + tA.’L'nt) -

4.2 One-dimensional intuition

In one dimension, we seek a zero of f’(x). Approximating f’ by its tangent line at zj, gives
f'(an)

[ (@k)

The next iterate is the horizontal-axis intercept of that tangent line. Repeating the construction gives
successive Newton iterates.

f'@r) + (@) (@1 — 21) =0, Thyy = Tp —

f'(x)

Figure 1: Illustration of the tangent-line construction applied to a general f’..

Geometrically, Newton’s method uses a tangent line to approximate f’(x) and find where f’(z) = 0. The
tangent line has the form
g (z) = ax +b.

This means that we are approximating f(z) using a quadratic function of the form
Ly
g(z) = 50T + bz +c.
The derivative of this quadratic is ¢'(xz) = ax + b, so finding the zero of the tangent-line approximation of
f'(z) is equivalent to finding the minimum of the quadratic approximation of f(z) when a > 0.

4.3 First interpretation: minimizing a quadratic approximation

The second-order Taylor approximation about x is

~

1
flz+v) = fx) + V() v+ ivTVQf(x)v. (6)
Treat the right-hand side as a function g(v). Its gradient is
Vg(v) = V() + V2f ().



Because the Hessian of g is positive definite, the condition Vg(v) = 0 is necessary and sufficient for its unique
minimum. Solving gives

v=—[V2f(x)] 'V (z) = Azp.

Thus the Newton step minimizes the local quadratic model.

4.4 Second interpretation: linearizing the optimality condition

For unconstrained convex minimization, the first-order optimality condition is V f(z + v) = 0. The first
order Taylor expansion gives
Vf(x+v) = Vf(x)+ Vif(z)v.

Setting this approximation equal to zero again gives v = Axy. Unlike the negative gradient direction, the
Newton direction uses curvature information through the Hessian. If V2f(z) = I, then Az, = —V f(x),
simplifying to the standard gradient descent direction.

5 Newton decrement and stopping criterion
Definition 5.1. The Newton decrement at x is
Nz) = (V@) [V f(2)] 7'V f(2)) (7)

It measures the improvement predicted by the quadratic approximation. Since (6) is minimized at the
Newton step,

1/2

~ ~

flz) —p" = fl2) —inf f(y) = f(2) = (2 + Azn)
= -Vf(@) Azy — %Aa{tv? F(2) Az
= V(@) [V f(2)] 'V f(e) - %Vf(x)T[VQf(x)]flvf(m)
- %/\(as)Q.
In simplifying the quadratic term, we use symmetry of the Hessian and its inverse.
5.1 Newton’s method algorithm

Given a starting point « € dom(f) and tolerance € > 0, repeat:

1. Compute the Newton step and squared decrement:

Awn = —[V2f(2)] 7'V (),  ANz)* =V (2)"[V2f(2)] 7'V f(z).
2. Stop if A(z)2/2 <e.
3. Choose a step size t by backtracking line search.

4. Update z + z + tAxyy.

6 Convergence discussion

Newton’s method can converge much faster than gradient descent because it uses curvature information in
addition to the gradient. Further convergence analysis will be discussed in the next lecture.
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