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Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the instructor.

1 Newton’s method for unconstrained minimization
Consider the problem

min
x∈dom f

f(x),

where f : Rn → R is twice continuously differentiable. At a current point x, the second-order Taylor
approximation is

f(x+ v) ≈ f(x) +∇f(x)⊤v + 1

2
v⊤∇2f(x)v.

Minimizing this quadratic approximation over v gives the Newton direction ∆xnt by solving

∇2f(x)∆xnt = −∇f(x).

When the Hessian is nonsingular, this is equivalently

∆xnt = −[∇2f(x)]−1∇f(x).

The Newton decrement measures the size of the Newton step in the local quadratic metric:

λ2 = ∇f(x)⊤[∇2f(x)]−1∇f(x) = ∆x⊤
nt∇2f(x)∆xnt.

1.1 Algorithm
Given a starting point x ∈ dom f , tolerance ϵ > 0.

repeat

1. Compute the Newton step and decrement:

∆xnt := −∇2f(x)−1∇f(x); λ2 := ∇f(x)⊤∇2f(x)−1∇f(x).

2. Stopping criterion. Quit if λ2/2 ≤ ϵ.

3. Line search. Choose step size t by backtracking line search.

4. Update.
x := x+ t∆xnt.
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1.2 Backtracking line search
Suppose ∆x is a descent direction for f at x ∈ dom f α ∈ (0, 1

2 ) and β ∈ (0, 1).

1. Initialize t = 1.

2. While
f(x+ t∆x) ≤ f(x) + αt∇f(x)⊤∆x

is not satisfied, reduce the step size by setting t← βt.

3. Return the first step size satisfying the condition.

The right-hand side is smaller than f(x) because ∇f(x)⊤∆x < 0. Thus, the condition requires a sufficient
decrease in the objective value.

2 Convergence for Newton’s method
The convergence argument uses the following assumptions:

1. f is twice continuously differentiable.

2. f is strongly convex with parameter m > 0; in particular,

∇2f(x) ⪰ mI, x ∈ S.

∇2f(x) ⪯MI, x ∈ S,

3. The Hessian is bounded above and is Lipschitz continuous. For constants M > 0 and L > 0,

⃦⃦
∇2f(x)−∇2f(y)

⃦⃦
2
≤ L ∥x− y∥2 , x, y ∈ S.

Here, ∥A∥2 denotes the spectral norm, which is the largest singular value of A.

We will show ∃ η, γ s.t. 0 < η ≤ m2

L
, γ > 0,

s.t. the following hold:

• If ∥∇f(x(k))∥2 ≥ η, then
f(x(k+1))− f(x(k)) ≤ −γ.

• If ∥∇f(x(k))∥2 < η, then the backtracking line search selects t(k) = 1 and

L

2m2
∥∇f(x(k+1))∥2 ≤

(︃
L

2m2
∥∇f(x(k))∥2

)︃2

.

Suppose that for some iteration k,
⃦⃦
∇f(x(k))

⃦⃦
2
< η, then

⃦⃦
∇f(x(k))

⃦⃦
2
≤ m2/L

L

2m2

⃦⃦⃦
∇f(x(k))

⃦⃦⃦
2
≤ 1

2
< 1.

L

2m2

⃦⃦⃦
∇f(x(k+1))

⃦⃦⃦
2
≤
(︃

L

2m2
∥∇f(x(k))∥2

)︃2

≤ L

2m2

⃦⃦⃦
∇f(x(k))

⃦⃦⃦
2
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⃦⃦⃦
∇f(x(k+1))

⃦⃦⃦
2
≤
⃦⃦⃦
∇f(x(k))

⃦⃦⃦
2
< η

So
⃦⃦⃦
∇f(x(s))

⃦⃦⃦
2
< η, ∀s ≥ k.

Note
L

2m2

⃦⃦⃦
∇f(x(k+1))

⃦⃦⃦
2
≤ (

1

2
)2 < 1

for all ℓ ≥ k,
L

2m2

⃦⃦⃦
∇f(x(ℓ))

⃦⃦⃦
2
≤
(︃

L

2m2

⃦⃦⃦
∇f(x(ℓ−1))

⃦⃦⃦
2

)︃2

≤
(︃

L

2m2

⃦⃦⃦
∇f(x(ℓ−2))

⃦⃦⃦
2

)︃22

≤ · · ·

≤
(︃

L

2m2

⃦⃦⃦
∇f(x(k))

⃦⃦⃦
2

)︃2ℓ−k

≤
(︃
1

2

)︃2ℓ−k

.

Recall the strongly convex objective-gap bound

f(x)− p⋆ ≤ 1

2m
∥∇f(x)∥22 ,

where p⋆ = minx f(x). Therefore,

f(x(ℓ))− p⋆ ≤ 1

2m
∥∇f(x(ℓ))∥22

≤ 1

2m

(︄
2m2

L

(︃
1

2

)︃2ℓ−k)︄2

=
2m3

L2

(︃
1

2

)︃2ℓ−k+1

.

Let x(0) is the initial point then the number of iterations in Stage 1 is at most

f(x(0))− p⋆

γ
.

For Stage 2, we want
f(x(ℓ))− p⋆ ≤ ϵ.

To achieve an objective gap no larger than ε, it is sufficient that

2m3

L2

(︃
1

2

)︃2ℓ−k+1

≤ ϵ.

(︃
1

2

)︃2ℓ−k+1

≤ ϵ

ϵ0
, where ϵ0 =

2m3

L2
.
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2−2ℓ−k+1

≤ ϵ

ϵ0
.

Taking logarithms base 2,

−2ℓ−k+1 ≤ log2

(︃
ϵ

ϵ0

)︃
.

Therefore,

2ℓ−k+1 ≥ log2

(︂ϵ0
ϵ

)︂
.

Taking logarithms base 2 again,

ℓ− k + 1 ≥ log2 log2

(︂ϵ0
ϵ

)︂
Combining the two stages gives the below iteration-count estimate:

f(x(0))− p⋆

γ
+ log2

[︂
log2

(︂ε0
ε

)︂]︂
,

The number of iterations in the second stage is bounded by a term of order log2 log2(ε0/ε), which is very
small (almost constant) compared with the first-stage bound. The main contribution is coming from the
first stage.

3 Newton’s method with equality constraints
Now consider the equality-constrained problem

min
x

f(x) subject to Ax = b,

where A ∈ Rp×n. Suppose the current iterate x is feasible, meaning Ax = b.
For a step v, the second-order approximation to the objective is

f(x+ v) ≈ f(x) +∇f(x)⊤v + 1

2
v⊤∇2f(x)v := f̂(x+ v).

Feasibility of the new point requires
A(x+ v) = b.

Since Ax = b, the step must satisfy Av = 0. Therefore, the local quadratic problem is

minimizev ∇f(x)⊤v + 1

2
v⊤∇2f(x)v

subject to Av = 0.

The constant term f(x) can be omitted because it does not affect the minimizer.
Recall:

minimize 1

2
xTPx+ qTx+ r

subject to Ax = b

KKT system:
Ax⋆ = b
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Px⋆ + q +AT ν⋆ = 0

[︃
P AT

A 0

]︃ [︃
x⋆

ν⋆

]︃
=

[︃
−q
b

]︃
Optimize over ∆xnt: [︃

∇2f(x) AT

A 0

]︃ [︃
∆xnt

w

]︃
=

[︃
−∇f(x)

0

]︃
Newton decrement

λ(x) =
(︁
∆xT

nt∇2f(x)∆xnt

)︁1/2
f(x)− p⋆ ≈ f(x)− inf

v
A(x+v)=b

{︂
f̂(x+ v)

}︂
=

λ(x)2

2
,

3.1 Algorithm for Newton’s method with equality constraints
Given a starting point x ∈ dom f satisfying Ax = b and a tolerance ε > 0, repeat the following steps.

1. Compute the constrained Newton step ∆xnt by solving the KKT system. Compute the squared Newton
decrement

λ(x)2 = ∆x⊤
nt∇2f(x)∆xnt.

2. Stopping criterion: stop if
λ(x)2

2
≤ ε.

3. Line search: choose a step size t using backtracking line search

4. Update: set
x← x+ t∆xnt.

Since the constrained Newton direction satisfies A∆xnt = 0, each update preserves Ax = b.

3.2 Feasible descent directions
A vector v ∈ Rn is a feasible direction for the equality constraint if

Av = 0.

It is a feasible descent direction at x if

Av = 0 and f(x+ tv) < f(x) for all sufficiently small t > 0.
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