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Principal Component Analysis (PCA)
Lecturer: Nan Wu Scribe: Chuqi Wang

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

1 Introduction

We have a high dim data set. It distributes around a low dim set.

Dimension Reduction: Reorganize the data in a low dim space. We want to preserve some properties of
the data set in the low dim representation.

Principal Component Analysis (PCA).

1. Algorithm.
2. In what sense it reorganizes the data.
3. Efficient algorithm through SVD.

PCA is a linear dimension reduction method.
Data set:
{X1,...,X,} CRP, p is large.

X:i=11, p vector.

Un = %in € RP.
=1

2 Sample Covariance Matrix

Cn = Z (Xi - #n) (Xi - ,Un)T € RPXP, (*)

Rpx1 R1xp

Chp Sample covariance matrix.

Properties of C,.
1. C,, is symmetric.

2.
C,=UANUT, U € O(p).

U is an orthogonal p x p matrix, i.e.

UUT =UTU = Lyxyp.
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{u1,...,u,} are orthonormal eigenvectors, i.e. C,, is positive semi-definite. This follows from the structure

of Oy, in () (e.g. eigenvalues > 0).

(Ai,u;)?_; are the orthonormal eigenpairs of C),.

2.1 Understand ¥, (or C,)

u; : direction of the ith largest variance of the data {X1,..., X,}.
i

n—1

——

eigenvalue of %,

ith largest variance.

p =2, {Xy,...,X,} CR?
U1

3 PCA Algorithm

Input: {X;,..., X, } CRP.
# of principal components: k.
Step 1. Construct C,, using {X1,..., X, }.
Step 2. Find the eigendecomp of C,:
C, =UAUT.
| | Al 0
U= lu - upl, A= , A >
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Step 3. Project X; — u, onto the first k£ eigenvectors.
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U= |u - uyg
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Projection: _
UT(Xi — pn) = X; € R
“?(Xz — Hn)
X, 2O X, = c R¥



4 In What Sense PCA Reorganizes the Data

PCA reduce the dimension of the data from R? to R,

i=1 ]

PCA reorganize the data in the following sense.

1. Projection with maximum variability. Project {X; — pp,..., X — un} onto the principal com-
ponents corresponding to the directions with k largest variances of the data.

2. It finds a k-dim affine subspace of RP that best fits the data in the least square sense.

4.1 Recall Affine Space

V' is a vector subspace of RP, a € RP.
affine subspace a+V={a+v|veV}

dim(a + V) = dim(V).

a+V
v

e

~

dim(V) = k, V is a subspace of RP.

{u1,...,uy} form an orthonormal basis of V.
B; € R¥, i=1,...,n.

Bi1 | |

Bi=|: | eRF, U=|wm - up
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4.2 Least Square Metric
Given {X1,...,X,} C R? and an affine subspace a + V of R?,

{y1,--yn} Cat+ V.

U=l|w -
| |

{@;} are orthonormal basis of V. We can find 3i,..., 3, € R* s.t.

yi = a+UB;.
- n
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determines the affine determines y;€a+V
subspace a+V

= 1% —a—UBillfs |

i=1

4.3 PCA Minimizes the Least Square Metric
Theorem 4.1. Given {Xy,...,X,} CRP, let

1 & . | |
a:lun:fZXieRp’ U= |u - uy ERpXk.
n-
= | |
Uu1,...,u are the orthonormal eigenvectors of Cy, corresponding to the decreasing order of the eigenvalues.

Bi = X; (output of PCA).

Then I(a, U,B,... , Bn) is minimized.

I.e. PCA finds y1,...,y, in the affine space u, + V with coordinates fi,...,5, and V generated by
U1, ..., u o that

n
Z | X; — wi]|? is minimized.
i=1

a+V



5 Complexity of the PCA Algorithm

Step 1.

n

n
Hn = %ZX“ Cp = Z(Xl - ,u'n)(Xi - /’LTL)T'
=1

i=1
Recall the Big O notation. Complexity (# of operations, e.g. addition and multiplication).
Complexity in step 1:
n +p-p-n<2p’n=0(pn).
Hn Ch

Step 2. Eigendecomposition. Complexity O(p?).
Step 3. Projection. Complexity is dominated by the complexity in the first 2 steps.
Total complexity is
O(p*n + p?).

6 Singular Value Decomposition (SVD)
M e RP*™,

SVD: M=USVT.

U: p xporthogonal matrix,

V':  n xn orthogonal matrix,

S e RPX™,
(o} 0 o1 0
S = K or . 0
0 Omin(p,n .
0 (p:m) 0 Omin(p,n)
oo p<n

012092 2> Omin(p,n) > 0.

They are singular values of M. Column vectors of U (or V') are the left (right) singular vectors.

Y = Xl_/f"n Xn_,u/n € RPX™.
| |

Observation: .



SVD of Y: o
Yy =0xvT.

c, =UxvIvsTyT
——

I'n.><n
=UxxToT
=UAUT eigendecomposition.
= A =o2>0, A=3xxT U=U.

~—

eigenvalues of C),

First k singular vectors of Y can be calculated in O(pnk).

pnk < p*n +p’.

Use SVD of Y to replace the first two steps of PCA.




