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1 Example of Sub-Gaussian Variables
Remark 1.1. If 𝑋 is 𝜎-sub-Gaussian for some 𝜎 > 0, then 𝑋 is also 𝜎′-sub-Gaussian for some 𝜎′ ≥ 𝜎.

Example 1.2 (Bounded random variables). Let 𝑋 be zero-mean, and supported on some interval [𝑎, 𝑏]. We 
will show that 𝑋 is sub-Gaussian with parameter at most 𝜎 = 𝑏− 𝑎.

Letting 𝑋 ′ be an independent copy of 𝑋, so that 𝑋 𝑑
= 𝑋 ′ and 𝑋 ⊥⊥ 𝑋 ′. For any 𝜆 ∈ R, we have
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The first equality is because E[𝑋 ′] = 0, and (i) follows from the the convexity of the exponential, and 
Jensen’s inequality. Letting 𝜀 be an independent Rademacher variable, note that since (𝑋,𝑋 ′) are i.i.d, 
𝑋 − 𝑋 ′ 𝑑

= 𝑋 ′ − 𝑋, so (𝑋 − 𝑋 ′) is symmetric about 0. Thus, the distribution of (𝑋 − 𝑋 ′) is the same as 
that of 𝜀(𝑋 −𝑋 ′), so that we have
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The first equality follows from Tonelli’s theorem and (ii) follows from the sub-Gaussianity of Radamacher 
variable and last inequality is because |𝑋 −𝑋 ′| ≤ 𝑏 − 𝑎. Putting everything together, we have shown that 
𝑋 is sub-Gaussian with parameter at most 𝜎 = 𝑏− 𝑎.

Remark 1.3. This result is useful, but it can be sharpened. It can be shown that 𝑋 is sub-Gaussian with 
parameter at most 𝜎 = 𝑏−𝑎

2  (Exercise 2.4). The technique used in this example is a simple example of a 
symmetrization argument, in which we first introduce an independent copy 𝑋 ′, and then symmetrize the 
problem with a Rademacher variable. Such symmetrization arguments are useful in a variety of contexts.

2 Hoeffding’s Inequality
Another property of sub-Gaussianity is preserved by linear operations.

Lemma 2.1. Let 𝑋1 and 𝑋2 be independent sub-Gaussian variables with parameters 𝜎1 and 𝜎2, respectively, 
then 𝑋1 +𝑋2 is sub-Gaussian with parameter 
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Proof. By independence we have
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As a consequence of this fact, we obtain an important result known as the Hoeffding’s inequality:
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Proposition 2.2 (Hoeffding’s inequality). Suppose that the variables 𝑋𝑖, 𝑖 = 1, . . . , 𝑛, are independent, and 
𝑋𝑖 has mean 𝜇𝑖 and sub-Gaussian parameter 𝜎𝑖. Then for all 𝑡 ≥ 0, we have
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𝑛 sub-Gaussian. So, by basic sub-Gaussian tail bound 
we have the results.

Corollary 2.3. If 𝑋𝑖, 𝑖 = 1, . . . , 𝑛, are i.i.d, with mean 𝜇 and sub-Gaussian parameter 𝜎. Then for all 
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Remark 2.4. The above can be viewed as a finite sample Central Limit Theorem. CLT states that when 
𝑛 → ∞,
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Second statement follows analogously.

One application of Hoeffding’s bound is to derive finite sample guarantees for the error of the sample mean.

Example 2.5 (Finite-sample error guarantee). Let 𝑋n := 1
𝑛

P𝑛
𝑖=1 𝑋𝑖 and fix a confidence level 𝛿 ∈ (0, 1). 

By the preceding corollary,
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Example 2.6 (Expected absolute error). We can also control the expected absolute error E
|𝑋n − 𝜇

| directly 
from the tail bound. Recall that for any nonnegative random variable 𝑌 , Tonelli’s theorem gives
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We conclude our discussion of sub-Gaussianity with a theorem that provides different characterizations of 
sub-Gaussian variables.

Theorem 2.7 (Equivalent characterizations of sub-Gaussian variables). Given any zero-mean random vari-
able 𝑋, the following properties are equivalent:

1. There is a constant 𝜎 ≥ 0 such that

E
[
𝑒𝜆𝑋

]
≤ 𝑒

𝜆2𝜎2

2 for all 𝜆 ∈ R.

2. There is a constant 𝑐 ≥ 0 and Gaussian random variable 𝑍 ∼ 𝒩 (0, 𝜏2) such that

P [|𝑋| ≥ 𝑠] ≤ 𝑐P [|𝑍| ≥ 𝑠] for all 𝑠 ≥ 0.

3. There is a constant 𝜃 ≥ 0 such that

E
[
𝑋2𝑘

]
≤ (2𝑘)!

2𝑘𝑘!
𝜃2𝑘 for all 𝑘 = 1, 2, . . .

4. There is a constant 𝜎 ≥ 0 such that

E
[
𝑒

𝜆𝑋2
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]
≤ 1√

1− 𝜆
for all 𝜆 ∈ [0, 1).

Proof. See Appendix A (Section 2.4) in [1].
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3 Sub-Exponential Variables
We now turn to the class of sub-exponential variables, which are defined by a slightly milder condition on 
the moment generating function.

Definition 3.1. A random variable 𝑋 with mean 𝜇 = E[𝑋] is sub-exponential if there are non-negative 
parameters (𝜈, 𝛼) such that

E
[
𝑒𝜆(𝑋−𝜇)

]
≤ 𝑒

𝜈2𝜆2

2 for all |𝜆| < 1

𝛼
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