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1 Bounded Differences Inequality

We say that a function f satisfies the bounded difference property with parameters (L1, ..., L) if, for each
k=1,...,n,
sup  |f(T1ye s Thy ooy @n) — F(T1, ey Th—1, Ty Tt 1y - - -5 T)| < L. (1)

’
1oy T,y T

Corollary 1.1 (Bounded Differences Inequality). Suppose that f satisfies the bounded difference property
with (L1, ..., Ly), and the random vector X = (Xy,...,X,) has independent components. Then for every
t>0,

P(f(X) —Ef(X)| > 1) < 2exp (—ZZ%) | @
Proof.
Dy =E[f(X) | X1,.... Xx] —E[f(X) | X1,..., Xp—1]
=Exix, [F(X)] - L3NS SRS [F(X)]
= Eia [f(X)] — Ex [f(X)].
Then Dy € Fi, and

E[Dy | Fr—a] = E[E[f(X) | Fi] = E[f(X) | Fr—a] | Fr-1]
=E[f(X) | Fr_1] —E[f(X) | Fr-1]

=0 a.s.
Thus, (Dy)}_, is a martingale difference sequence. Now,
Dy = En 1 f(X) = En[f(X)],
Dy = Eo f(X) — E1 f(X) = E2 f(X) — Ef(X),
and so, f(X) —Ef(X) = iDh
k=1

Next,
Dy =Fp1 [f(X1, ooy Xioe1s Xiey X1y - X)) = B [f (X1, ooy Xiomo1y Xk, X1y -+ X))
< sgp Erpr1 [f( X1,y Xp—1, 2, X1, - Xn)] = B [f (X1, oo, X1y Xiey X1y - -+ X))
:= By,
where By, € Fi_1. Similarly,
Dy, > igf Ep1 [f (X1, oy X1, Xig1s oo, X)) = Er [f( X1y ooy Xim1, Xioy Xkt 1, - -+, X))
= Ay,



where Ay € Fr_1. Then, we have

Br — Ap =sup Epqy [f (X1, X1, 2, Xpgr, -0, X)) — ifcl,f Epir [f( X1, X1, @', Xig1, -+, X))
xT
< sup (1o Thy ooy @) — F(T1y ooy D1y Ty Tt 1y - - -5 T
TlyesTh—1, Ty Ty Thg1500sTm,

< Lkv

using (1). Therefore, by Azuma—Hoeffding,
P ( > Dy

k=1
Corollary 1.2 (Azuma-Hoeffding). Let {(Dy, Fr)}72; be a martingale difference sequence and suppose
E Dy | Fi—1] € ak, bi], where ay, by € Fr—1 for allk =1,...,n. Assume that by, — ar < Li is a constant.

Then, for allt > 0,
= 2t
k=1"k

k=1
Example 2.1 (U-statistics). Let g : R? — R be a symmetric function of its arguments. Given i.i.d. sequence
Xk, k> 1 of random variables, the quantity

2
> t) =P(f(X) -Ef(X)| = 1) < 2exp <_Z2tL> '

O

2 Examples

Um0 S (x5, X (4)

5)
2) 1<j<k<n

is known as a pairwise U-statistic.

For example, suppose we want to estimate the mean absolute pairwise deviation E[|X; — X5]|]. Then U with
g(x,y) = | — y| is one estimate for it.
Since the X; are identically distributed,

1 1
EU = 7c > Eg(X;, X)) =75 Y. Eg(X1,Xo) =Eg(X1, Xa).
(2) 1<j<k<n (2) 1<j<k<n
Suppose ||g|looc < b. Consider U = f(Xy,...,X,). Then

f(X1y oy X)) — f( X, Xim1, Xy X1y o 5 X))

:% > g(Xj,XS)—% > g(X). X)) [where X/ = X;, j=1,...,k—1,k+1,...,n],
(2) 1<j<s<n (2) 1<j<s<n

= (i) Z g(Xj,Xs)— Z g(Xy/vX;)

27 |1<j<s<n 1<j<s<n
1
< @] l9(X;, Xs) — g(X;, X7)|
(2 1<j<s<n
1
< 2b(n—k+ k1)



So the bounded differences property holds with parameter L, = % in each coordinate. Therefore, the
bounded difference inequality gives
2t2 nt?
P(U-EU|>t) <2 ——r———————— | =2 —— . 5
(= BU| > ) < 2exp (s ) = 200 (i3 )

Example 2.2 (Rademacher Complexity). Let {ex}7_, be an i.i.d. sequence of Rademacher variables. Given
a collection of vectors A C R"”, define the random variable

n
Z(A) = Z := sup(a,e) = sup Zaiei. (6)
acA acA i—1

Then R(A) := EZ(A) is the Rademacher complexity of A.

Now let us establish Z(A) = f(e1,...,&,) is sub-Gaussian. Given two Rademacher vectors e,e’ € {—1,+1}",
and &} = ¢; for i # k, we have

|f(€1v tee 7€n) - f(glla s 7€;z)| = Sup<a7€> - Sup<a7€/>
acA acA
< sup [{(a,e) — {(a,€)] (by Lemma 2.3)
acA
= sup |axey, — arey]
acA

sup |ag| lex — €}l
ac A

< 2sup |ag|.
acA

Consequently, the bounded difference inequality yields

P(|Z(A) — R(A)| > t) < 2exp < 2t > = 2exp ( r ) .

N 2 n 2
> k=1 4SUp,e 4 af 2) j—1SUPyc 4 O,

Thus, Z(A) is sub-Gaussian with parameter /2 ,_, sup,c 4 3.

Lemma 2.3. The absolute difference of the suprema of two functions is bounded by the supremum of their
pointwise absolute difference

< sup |f(z) — g(z)].
z€EB

sup f(z) — sup g(z)
zeB z€B
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