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1 Bounded Differences Inequality
We say that a function f satisfies the bounded difference property with parameters (L1, . . . , Ln) if, for each
k = 1, . . . , n,

sup
x1,...,xn,x′

k

|f(x1, . . . , xk, . . . , xn)− f(x1, . . . , xk−1, x
′
k, xk+1, . . . , xn)| ≤ Lk. (1)

Corollary 1.1 (Bounded Differences Inequality). Suppose that f satisfies the bounded difference property
with (L1, . . . , Ln), and the random vector X = (X1, . . . , Xn) has independent components. Then for every
t ≥ 0,

P(|f(X)− Ef(X)| ≥ t) ≤ 2 exp

(︃
− 2t2∑︁n

k=1 L
2
k

)︃
. (2)

Proof.

Dk = E [f(X) | X1, . . . , Xk]− E [f(X) | X1, . . . , Xk−1]

= EXk+1,...,Xn
[f(X)]− EXk,Xk+1,...,Xn

[f(X)]

:= Ek+1 [f(X)]− Ek [f(X)] .

Then Dk ∈ Fk, and

E [Dk | Fk−1] = E [E [f(X) | Fk]− E [f(X) | Fk−1] | Fk−1]

= E [f(X) | Fk−1]− E [f(X) | Fk−1]

= 0 a.s.

Thus, (Dk)
n
k=1 is a martingale difference sequence. Now,

Dn = En+1f(X)− En[f(X)],

D1 = E2f(X)− E1f(X) = E2f(X)− Ef(X),

and so, f(X)− Ef(X) =

n∑︂
k=1

Dk.

Next,

Dk = Ek+1 [f(X1, . . . , Xk−1, Xk, Xk+1, . . . , Xn)]− Ek [f(X1, . . . , Xk−1, Xk, Xk+1, . . . , Xn)]

≤ sup
x

Ek+1 [f(X1, . . . , Xk−1, x,Xk+1, . . . , Xn)]− Ek [f(X1, . . . , Xk−1, Xk, Xk+1, . . . , Xn)]

:= Bk,

where Bk ∈ Fk−1. Similarly,

Dk ≥ inf
x

Ek+1 [f(X1, . . . , Xk−1, x,Xk+1, . . . , Xn)]− Ek [f(X1, . . . , Xk−1, Xk, Xk+1, . . . , Xn)]

:= Ak,
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where Ak ∈ Fk−1. Then, we have

Bk −Ak = sup
x

Ek+1 [f(X1, . . . , Xk−1, x,Xk+1, . . . , Xn)]− inf
x′

Ek+1 [f(X1, . . . , Xk−1, x
′, Xk+1, . . . , Xn)]

≤ sup
x1,...,xk−1, xk,x′, xk+1,...,xn

|f(x1, . . . , xk, . . . , xn)− f(x1, . . . , xk−1, x
′
k, xk+1, . . . , xn)|

≤ Lk,

using (1). Therefore, by Azuma–Hoeffding,

P

(︄⃓⃓⃓⃓
⃓

n∑︂
k=1

Dk

⃓⃓⃓⃓
⃓ ≥ t

)︄
= P(|f(X)− Ef(X)| ≥ t) ≤ 2 exp

(︃
− 2t2∑︁n

k=1 L
2
k

)︃
.

Corollary 1.2 (Azuma–Hoeffding). Let {(Dk,Fk)}∞k=1 be a martingale difference sequence and suppose
E [Dk | Fk−1] ∈ [ak, bk], where ak, bk ∈ Fk−1 for all k = 1, . . . , n. Assume that bk − ak ≤ Lk is a constant.
Then, for all t ≥ 0,

P

(︄⃓⃓⃓⃓
⃓

n∑︂
k=1

Dk

⃓⃓⃓⃓
⃓ ≥ t

)︄
≤ 2 exp

(︃
− 2t2∑︁n

k=1 L
2
k

)︃
. (3)

2 Examples
Example 2.1 (U-statistics). Let g : R2 → R be a symmetric function of its arguments. Given i.i.d. sequence
Xk, k ≥ 1 of random variables, the quantity

U :=
1(︁
n
2

)︁ ∑︂
1≤j<k≤n

g(Xj , Xk) (4)

is known as a pairwise U-statistic.

For example, suppose we want to estimate the mean absolute pairwise deviation E[|X1 −X2|]. Then U with
g(x, y) = |x− y| is one estimate for it.
Since the Xi are identically distributed,

EU =
1(︁
n
2

)︁ ∑︂
1≤j<k≤n

Eg(Xj , Xk) =
1(︁
n
2

)︁ ∑︂
1≤j<k≤n

Eg(X1, X2) = Eg(X1, X2).

Suppose ∥g∥∞ ≤ b. Consider U = f(X1, . . . , Xn). Then

|f(X1, . . . , Xn)− f(X1, . . . , Xk−1, X
′
k, Xk+1, . . . , Xn)|

=

⃓⃓⃓⃓
⃓⃓ 1(︁

n
2

)︁ ∑︂
1≤j<s≤n

g(Xj , Xs)−
1(︁
n
2

)︁ ∑︂
1≤j<s≤n

g(X ′
j , X

′
s)

⃓⃓⃓⃓
⃓⃓ [where X ′

j = Xj , j = 1, . . . , k − 1, k + 1, . . . , n],

=
1(︁
n
2

)︁
⃓⃓⃓⃓
⃓⃓ ∑︂
1≤j<s≤n

g(Xj , Xs)−
∑︂

1≤j<s≤n

g(X ′
j , X

′
s)

⃓⃓⃓⃓
⃓⃓

≤ 1(︁
n
2

)︁ ∑︂
1≤j<s≤n

|g(Xj , Xs)− g(Xj , X
′
s)|

≤ 1(︁
n
2

)︁ |2b(n− k + k − 1)|

=
4b

n
.
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So the bounded differences property holds with parameter Lk = 4b
n in each coordinate. Therefore, the

bounded difference inequality gives

P (|U − EU | ≥ t) ≤ 2 exp

(︃
− 2t2∑︁n

k=1(4b/n)
2

)︃
= 2 exp

(︃
−nt2

8b2

)︃
. (5)

Example 2.2 (Rademacher Complexity). Let {εk}nk=1 be an i.i.d. sequence of Rademacher variables. Given
a collection of vectors A ⊂ Rn, define the random variable

Z(A) = Z := sup
a∈A

⟨a, ε⟩ = sup
a∈A

n∑︂
i=1

aiεi. (6)

Then R(A) := EZ(A) is the Rademacher complexity of A.

Now let us establish Z(A) = f(ε1, . . . , εn) is sub-Gaussian. Given two Rademacher vectors ε, ε′ ∈ {−1,+1}n,
and ε′i = εi for i ̸= k, we have

|f(ε1, . . . , εn)− f(ε′1, . . . , ε
′
n)| =

⃓⃓⃓⃓
sup
a∈A

⟨a, ε⟩ − sup
a∈A

⟨a, ε′⟩
⃓⃓⃓⃓

≤ sup
a∈A

|⟨a, ε⟩ − ⟨a, ε′⟩| (by Lemma 2.3)

= sup
a∈A

|akεk − akε
′
k|

= sup
a∈A

|ak| |εk − ε′k|

≤ 2 sup
a∈A

|ak| .

Consequently, the bounded difference inequality yields

P(|Z(A)−R(A)| ≥ t) ≤ 2 exp

(︃
− 2t2∑︁n

k=1 4 supa∈A a2k

)︃
= 2 exp

(︃
− t2

2
∑︁n

k=1 supa∈A a2k

)︃
.

Thus, Z(A) is sub-Gaussian with parameter
√︁
2
∑︁n

k=1 supa∈A a2k.

Lemma 2.3. The absolute difference of the suprema of two functions is bounded by the supremum of their
pointwise absolute difference ⃓⃓⃓⃓

sup
x∈B

f(x)− sup
x∈B

g(x)

⃓⃓⃓⃓
≤ sup

x∈B
|f(x)− g(x)|.
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