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1 Lipschitz Functions of Gaussian Variables

We first show that Lipschitz functions of a standard Gaussian vector are sub-Gaussian.

Definition 1.1. A function f:R™ — R is L-Lipschitz with respect to the Euclidean norm |||, if
|f(x) = f(y)| < L|z—yl, for all z,y € R™. (1)

Theorem 1.2 ([1, Theorem 2.26)). Let X = (X1,...,Xp) ~ N(0,1,), and let f : R" — R be L-Lipschitz
with respect to ||-||,. Then f(X) —E[f(X)] is sub-Gaussian with parameter at most L, and hence

P(|f(X)=E[f(X)]| > 1) <237 forallt>0. 2)

Remark 1.3. The sub-Gaussian parameter in Theorem 1.2 depends on f only through L and does not
depend on the dimension n. Thus an L-Lipschitz function of an n-dimensional standard Gaussian vector
obeys the same tail bound as a scalar N (0, L?) variable, however large n is. The tail bound (2) follows from
the sub-Gaussian property by applying the Chernoff bound from Lecture 1 to f(X) and to —f(X).

We do not prove Theorem 1.2 here; a proof of the weaker statement with sub-Gaussian parameter 7L /2
can be found in [1, Section 2.3]. We now consider three applications.

Example 1.4 (Order statistics, [1, Example 2.29]). Given a random vector (X1, ..., X,,), its order statistics
are obtained by reordering its entries in non-decreasing order,

KXo =X s =X

In particular, X(,) = maxi<i<n X; and X(;) = minj<;<, X;. For k € {1,...,n}, let fr : R™ — R denote the
map r — (), so that Xy = fu(X1,...,X,). The Lipschitz constant of f;. is controlled by the following
lemma.

Lemma 1.5. For allz,y € R™ and k € {1,...,n},

2y — Yy < Nl —yll o -

The proof of Lemma 1.5 is left as Exercise 1. Since ||z — y||,, = maxi<i<n |2; — ¥i| < ||z —y||5, the
lemma gives
[fe(@) = fe@)| < llz —yll,  forall z,y € R,

so each fi is 1-Lipschitz. Consequently, if (X1,...,X,) ~ N(0, I,,), Theorem 1.2 with L = 1 yields, for every
k=1,...,n,

P (| Xk —EX@]| >1t) < 2% forall ¢ >0. (3)

In particular, the fluctuations of the maximum X, around its mean are of order one, uniformly in n.



Example 1.6 (Gaussian complexity, [1, Example 2.30]). Let A C R™ be a bounded set and W ~ N(0, I,,),
and define
Z(A) :=sup (a, W).
acA

The expectation E[Z(A)] is called the Gaussian complexity of A. It is the Gaussian counterpart of the
Rademacher complexity from Lecture 6, with the Rademacher vector replaced by W.

To show that Z(A) concentrates, write Z(A) = f(W) with f(w) := sup,e4 (@, w) for w € R”, and let
D(A) :=sup,c4 |lall, < co. For any w,w’ € R",

|f(w) = f(w)| = |sup (@, w) — sup <a,w'>’ < sup [(a, w) — (a,w)|
acA acA a€A

= sup [(a,w — w')| < sup [lall; [w — w'|l, = D(A) [|w — w'[|,.
a€A a€A

The second inequality is the Cauchy—Schwarz inequality. Hence f is D(A)-Lipschitz, and Theorem 1.2 yields

t2
P(]Z(A) —E[Z(A)]| > t) < 2exp (_2D(A)2) for all t > 0. (4)
Example 1.7 (Singular values of Gaussian random matrices, [1, Example 2.32]). Let n > d and let X € R"*¢
be a random matrix with i.i.d. N (0, 1) entries and ordered singular values o1 (X) > 02(X) > --- > 04(X) > 0.
Writing @] ,...,z,) for the rows of X, we view the matrix as the vector
vec(X) := (x]—,x;...,xz)—r € R™,
so that vec(X) ~ N(0, I,,4) and each o1 (X) is a function of a standard Gaussian vector in R"?. For X,Y €
R™*4 we have |[vec(X) — vec(Y)|l, = [|X — Y|, so it suffices to bound |o%(X) — o1 (Y)| by | X — Y| 1.
Recall that for M € R™*? the spectral norm and the Frobenius norm are

n d 1/2
IMly =0 (M) = swp |Mally, Ml = (DO ME) T = () -+ o3,

acR: [|al,=1 ==

so that || M|, < [[M]| . By Weyl’s inequality (see [1, Exercise 8.3]),

— <|Ix - <X - )
e [03(X) = on(Y)] < X = Y, < X =] 5)
Thus each oy, is 1-Lipschitz as a function of vec(X), and Theorem 1.2 gives, for each k = 1,...,d,
t2
P(lop(X) — E[lop(X)]| >t) <2 2 for all ¢t > 0. (6)

We have not computed E[o(X)], but (6) shows that each singular value stays within O(1) of its expectation
with high probability, regardless of n and d.

2 Concentration by Entropic Techniques

We now introduce the entropy method for deriving concentration inequalities [1, Section 3.1].

Definition 2.1 (¢-entropy). Let X ~ P, and let ¢ be a convex function on an interval containing the
support of X such that X and ¢(X) are integrable. The ¢-entropy of X is

Hy(X) := E[p(X)] — o(E[X]). (7)



Remark 2.2. By Jensen’s inequality, Hgs(X) > 0. Moreover, Hy(X) = 0 if X is almost surely constant or
if ¢ is affine. Although the notation suggests a function of X, H;(X) is a number that depends only on the
distribution P of X; for instance, H¢(e’\x ) below is the ¢-entropy of the distribution of e*¥.

Example 2.3. Two familiar quantities are ¢-entropies.
(a) If ¢(u) = u?, then Hy(X) = E[X?] — (E[X])? = Var(X).
(b) If ¢(u) = —logu for u > 0, then applying ¢ to the positive random variable e*¥ gives
Hy(e?) =E[-loge*] — (—logE [e**]) = —AE[X] + log E [e*¥]
=loge EHX] 4 1og B [eAX] =logE {e)‘(X_E[X])} ,

which is the cumulant generating function of the centered variable X — E[X].

From now on we work with the convex function ¢ : [0,00) — R defined by
¢(u) ;== ulogu for u > 0, #(0) :=0, (8)

where the value at 0 makes ¢ continuous, since ulogu — 0 as u — 07. For a non-negative random variable
Z we drop the subscript and write

H(Z) := Hy(Z) = E[Zlog Z] — E[Z] log E[Z]. (9)

Let ¢x () := E [e**] be the moment generating function of X (not to be confused with the convex
function ¢), and assume that it is finite in a neighborhood of A, so that ¢y () = E[Xe*¥]. Taking
Z =™ in (9) and using log e** = AX, we obtain

H(eM) =E [eM - AX] —E [e*] 1ogE [e}*] = Ay () — ox (A) logox (A). (10)
Hence H(e*¥) is determined by the moment generating function of X and its derivative.
Example 2.4 (Entropy of a Gaussian variable, [1, Example 3.1]). Let X ~ N(0,02). Then @y (A) = e*’ 7" /2
and ¢’y () = Ao2eX**/2 for all A € R, so by (10),
2,2 2,2 2,2 \2o2 2,2 1
H(EM) =) AoZe™ 3 —e T loge = 20 e’ = 502)\2@)(()\). (11)

Since the moment generating function yields tail bounds through the Chernoff bound, (10) suggests that
an upper bound on H(e*X) should also lead to a tail bound. The Herbst argument makes this precise for
upper bounds of the Gaussian form (11).

Proposition 2.5 (Herbst argument, [1, Proposition 3.2]). Suppose that there is a constant o > 0 such that
H(M) < %U2A2<px()\) forall A eI, (12)
where I =R or I =[0,00). Then
E {e’\(X_E[XD] < X forall X € 1. (13)

Remark 2.6. By Example 2.4, every X ~ N(0,0?) satisfies (12) with equality for all A € R. When I = R,
the conclusion (13) says exactly that X is sub-Gaussian with parameter 0. When I = [0, 00), it controls
the moment generating function only for A > 0 and so does not by itself give sub-Gaussianity; it does give,
through the Chernoff bound from Lecture 1, the one-sided bound

2
P(X —E[X]>t)<e 37  forallt>0.

The proof of Proposition 2.5 is deferred; see also [1, Section 3.1.2].



Exercises

1. Prove Lemma 1.5: for all z,y € R" and k € {1,...,n}, |24 — ymw| < |z — yll».
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