Stat 6390.001: High Dimensional Probability and Statistics, Fall 2026 Topic 10

Uniform Law of Large Numbers and Empirical Risk Minimization
Lecturer: Yun Wei Scribe: Thomas Yeboah

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

Summary of Notation for Empirical Measures and Empirical Processes

Notation Definition Interpretation
P Probability measure
Pf 2 = [ fa) () B [f(X)]
{Pf}rer Functions indexed by F
Tz
P, P, = Zax Fa(4) = 5 3L
Dlscrete random measure P, (X;) = l, Vi
Pr f Pnf= Z f(X Empirical mean of f(X)
{Pnf}rer {; . (f e ]-'} Random process
i=1
Tz
P.f —Pf - ; f(X3) — Ep[f(X)] Random variable
{Pnf —Pf}ier {1 . —Epf(X)] } Centered empirical
"= feF process
P, — P|| 7 sup [P, f —Pf| Supremum of the
fer

empirical process

1 Glivenko-Cantelli Class
Definition 1.1 (Glivenko—-Cantelli Class). We say that F is a Glivenko—Cantelli class for P if
IP. =Pz 20, n— oo

If
H]P)n - IF)H]: g 07

then F is called a strong Glivenko—Cantelli class.

Example 1.2 (A Strong Glivenko—Cantelli Class). Consider the class

F = {1(_m7t](-) 1t e R}.



For

we have
Pf; = F(t)
Also,
1 n
]Pnft = ﬁ Z ]-(—oo,t] (XZ)
i=1
- ﬁn(t)
Therefore,

[Pr, = Pllr = [[Fn = Fllo-
By the classical Glivenko—Cantelli theorem,
1F = Flloo 225 0

for every distribution function F'.
Hence,

F is a strong Glivenko—Cantelli class. ‘

Example 1.3 (A Class That Is Not Glivenko—-Cantelli). Let S be the class of all finite subsets A of [0, 1].
Define
Fs={1a(-): A€ S}.
Suppose
X1,..., X, Yp,
where P is a probability measure on [0, 1] that has no atoms.
Since P has no atoms,

P({y}) =0, Vye[0,1].

Let
Ao ={Xq,..., X} €S
and
fo=14,(-) € Fs.
Then

|Pr, — P75 > [Pnfo —Pfol.
Since P has no atoms,
Pfo=P14,(")
= P(Ay)
=0.

On the other hand,
IP)nfO = ]Pnle()

1 n
= - E 1A0(Xi)
n <
i=1
=1.

Therefore,

]||Pn—1p||fs 21>0.\

Hence, Fs is not a Glivenko—Cantelli class for any atomless probability measure P.



2 Empirical Risk Minimization
Let

{Py: 0 € Q}
be a parameterized family of distributions, and suppose

iid
X; = Py

The parameter space {2 may be finite-dimensional or infinite-dimensional.
Let Ly(X) denote the cost function.
The population risk is

R(0,0%) = Eg+ [Lo(X)].

The empirical risk is
~ 1 &
R,(6,0%) = — Lo(X5).
6,0%) =~ ; o(Xi)

An empirical risk minimizer is

b, € arg min En(ﬁ, 0%).
0eQ0

We are interested in the excess population risk

E0,,0%) = R(6,,6")

— inf R(0,0%).
0

Example 2.1 (Maximum Likelihood Estimation). Let

{Pg :0 € Q}
be a family of probability distributions with strictly positive densities pg with respect to a common underlying
measure.
Define ()
Po= (T
Lyg(x) =log < ) .
() po(z)
Then

R(0,0%) = Eg-[Lg(X)]

- fora(512)
= D(Py-, Py).

Thus, under identifiability,
0* = argmin R(6, 6").
0eQ0

The empirical risk is

~ 1 <
1=1



Therefore,
0., € argmin R, (6,0%)

0€Q0
a ind L zn:lo (X3) ! anlo (X3)
= argmin { — po- (X;) — — po(X;) p .
HgEQO ni:1 g Do i ni:1 g Po i
Since
1 n
— > " log pp- (Xi)
n -
=1
does not depend on 6, we obtain
~ 1<
0, € arg max — log pg(X;).
0eQo M ; (%)

This is the maximum likelihood estimator. If §* € Q,

E(0,,6") = R(6,,6") — Jnf R(0,07)
= D(Py-,P; ) -0
= D(Py-, Py ).

Example 2.2 (Binary Classification). Suppose
(X;,Y;) € R x {1, +1}, i=1,...,n,

and -
(X5,Y5) i Pxy.

In particular,
iid
X; ~ Py, Yi | Xi ~ Py x.

Define
PY=41| X =x)

P(Y=-1|X=2)

P(z) =

We want to find a classifier
f:RY — {—1,+1}
that minimizes
Pxy (f(X) #Y).
Define the loss function
Ly(z,y) = 1{f(z) #y}.
Then the risk of a classifier f is

R(f, f") =Exy1{f(X) #Y}
=Pxy(f(X)#Y).

The Bayes classifier is

(@) = {+1, ?fw(x) > 1,
-1, ify(x) < 1.




The empirical risk is
Ralf, %) = = 1S (X) # Vi
i=1
Also,
1-Pxy(f(X)#Y) =Pxy(f(X)=Y).
By conditioning on X,
xy (F(X)=Y)
Ex [Pyx (f(X) =Y [ X)]

—Ex [}P’ (Y = +1 ] X)1{f(X) = +1}

FPY = 1| X)1{f(X) = _1}]

Thus the Bayes classifier f* maximizes Px y (f(X) = Y).
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