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1 Review

Recall the route from empirical risk minimization to suprema of empirical processes, ||P, — P| =, and then
to Rademacher complexity, R, (F). Polynomial discrimination controls the number of labelings on a sample

through a bound of the form
card(F(z})) < (n +1)¢ for every n > no,

where d is fixed. We now introduce VC classes as a way to obtain this polynomial bound.

2 Shattering and VC Classes

Let F be a class of binary-valued functions on X, and write a7 = (21,...,2p).

Definition 2.1 (Shattering and VC dimension). The sample x7 is shattered by F if card(F(x})) = 2™. The
VC dimension v(F) is the largest integer n for which some n points can be shattered by F; it is infinite if

arbitrarily large finite sets can be shattered.

Definition 2.2 (VC class). A binary-valued function class F is a VC class if v(F) < oo. In particular, for

a set class S, we consider
F = {13 : S e S},

where 1g(z) = 1 means that x € S, and it is zero otherwise.

The corresponding evaluation vectors are

F(xt) ={(1s(z1),...,1s(xy)) : S € S}.
Each distinct intersection of a set .S with the sample determines one such labeling. Thus
card(F(z})) = card({S N {z1,...,2,} : S € S}).
Identifying each intersection with its indicator vector, we sometimes use the notation
Sy) = Fy), () =v(F).
The definition of VC dimension gives the two cases recorded in the notes:

(i) Ifn < v(F), then
JaT such that card(F(z])) =2".

(ii) If n > v(F), then
Va7, card(F(z7)) < 2™.

The bound in (ii) alone would allow card(F(z})) = 2™ — 1. The proposition below rules out such exponential

growth for a class with fixed finite VC dimension.



Proposition 2.3 (Vapnik—Chervonenkis, Sauer and Shelah). Let S be a set class with v(S) < oco. For
n > v(S) and every collection 7,

v(S) n
card(S(z})) < Z < ) < (n+ 1)), (4)

=0 N

The proof is referred to the textbook [1, Section 4.3.2]. We use the proposition directly in the examples
below.

3 Examples on the Real Line
Example 3.1 (Left half-lines). Consider
Siert = {(—00,a] :a €R},  Flegt = {1(—o0,q] 1 @ € R}
For n =1, either label 0 or 1 can be obtained, so a one-point set is shattered. For n =2 and z; < xs,
Frete (21, 22) = {(0,0), (1,0), (1,1)}.
There are three labelings, fewer than 22; the labeling (0, 1) is impossible. Therefore
V(Stett) = V(Flett) = 1.

Applying Proposition 2.3 directly, for n > 1, the cardinality is at most n + 1.
In fact, for distinct ordered points 1 < --- < x,, writing out the labelings gives

card(Feg (z1)) = card({(0,...,0),(1,0,...,0),...,(1,...,1)})
=n+1.

This shows the upper bound is sharp.

Example 3.2 (Bounded intervals). Consider
Sint = {(b,a] : a,b e R, b < a}, Fint = {l(b,a] ca,beR, b<a}.
A one-point set can be shattered. For two distinct points x7 < 2,
Fint (21, 22) = {(1,0), (0,1), (1,1),(0,0)},

so all 22 labelings are possible. For three points 71 < x5 < x3, the labeling (1,0, 1) is impossible: an interval
containing both x; and x3 must also contain z5. Thus

V(Sint) = V(JT'.int) = 2.
Applying Proposition 2.3 directly, for n > 2,

card(Fine (27)) < (n + 1)2. (6)



4 Controlling VC Dimension by Vector Space Structure
Let G be a class of real-valued functions on X. For each g € G, define
Sg={red g(z)<0},  S(G)={5:9€G} (7)

Following the lecture’s terminology, S(G) is the subgraph class at level zero. Here each Sy is a zero-sublevel
set in X’; the threshold is fixed at zero.

Proposition 4.1 (Finite-dimensional vector spaces). Let G be a real vector space of functions g : R? — R
with finite dimension m. Then

v(8(9)) < m. (8)

Proof. Set n =m + 1, and fix any n distinct points x1, ..., x,. It suffices to show that these points cannot
be shattered by S(G). Define the linear evaluation map

L:G—R"  L(g) = (9(z1),- .-, 9(zn)).
Its image is a linear subspace satisfying
dim L(G) < dimG = m < n. (9)

To see the dimension inequality explicitly, let g1,..., g be a basis of G. If g = Z;n:1 a;g;, then L(g) =
Z;nzl a;L(g;). Thus the m vectors L(g;) span the image. They need not be linearly independent.

Since the image is a proper subspace of R", there is a nonzero vector v = (71, ...,7,) orthogonal to it:
n
(v, L(9)) = D> _vig(w;) =0 for every g € G. (10)
i=1

Replacing v by —+ if necessary, we may assume that at least one ~; is positive.



Rearranging (10) yields

Z (—vi)g(z) = Z ~vig(z;) for every g € G. (11)

{i:7:<0} {i:y;>0}

Suppose, for a contradiction, that the points are shattered. There must then exist g € G whose set S,
contains exactly those sample points with v; < 0. In other words,

g(x;) <0 ify <0, g(z;) >0 if >0.

Every term on the left-hand side of (11) is nonpositive. Every term on the right-hand side is strictly positive,
and there is at least one such term. Hence (11) would imply

0> Y (—wgl)= Y wgl) >0,

{i17; <0} {i:vi>0}

a contradiction. No m + 1 points can be shattered, proving (8). O
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