
Stat 6390.001: High Dimensional Probability and Statistics, Fall 2026 Lecture 16
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Recall:

• VC dimension.

• Covering numbers.

Definition (Covering number). A δ-cover of a set T w.r.t a metric ρ is a set {θ1, . . . , θN} ⊂ T s.t. for every
θ ∈ T there exists i ∈ [N ] with ρ(θ, θi) ≤ δ, equivalently,

T ⊂
N⋃︂
i=1

B(θi, δ), where B(θ, δ) := {θ′ ∈ T | ρ(θ, θ′) ≤ δ}.

The δ-covering number N(δ;T, ρ) is the cardinality of the smallest δ-cover.

The covering number is a quantitative way to measure how compact a set is: T is totally bounded if and
only if N(δ;T, ρ) < ∞ for every δ > 0.

Moreover, N(δ;T, ρ) is non-increasing in δ, and if T is infinite, N(δ;T, ρ) → ∞ as δ ↓ 0. The rate at
which it grows to ∞ when δ ↓ 0 measures the size of T .

Definition (Packing number). A δ-packing of a set T w.r.t a metric ρ is a set {θ1, . . . , θM} ⊂ T s.t.
ρ(θi, θj) > δ, ∀ i, j ∈ [M ], i ̸= j. The δ-packing number M(δ;T, ρ) is the cardinality of the largest δ-packing.

We cannot place infinite points in δ-distance. There should be a
maximum number, that is where the δ-packing is coming.

Remark. If N is δ-packing, then the closed δ/2-balls centered in N is disjoint.

Proof. Suppose, ∃ i, j s.t.

A := B(θi, δ/2) ∩B(θj , δ/2) ̸= ∅.

Find some y ∈ A.

ρ(θi, θj) ≤ ρ(θi, y) + ρ(θj , y) ≤ δ. Contradiction.
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Lemma. For δ > 0,
M(2δ;T, ρ) ≤ N(δ;T, ρ) ≤ M(δ;T, ρ)

Proof: Homework.

Recall: q-norm. x ∈ Rd

∥x∥q =

⎧⎪⎪⎨⎪⎪⎩
(︂ d∑︂

i=1

|xi|q
)︂1/q

, q ≥ 1

max
1≤i≤d

|xi|, q = ∞

and Bd
q (1) := {x ∈ Rd | ∥x∥q ≤ 1}.

Minkowski Sum:
A+B := {a+ b | a ∈ A, b ∈ B}

We take on fixed point in A and connect all the points of
B. So the ball can be anywhere.

Lemma. Consider K ⊂ Rd. Let B := {θ ∈ Rd | ∥θ∥ ≤ 1}. Then(︂1
δ

)︂dVol(K)

Vol(B)
≤ N(δ;K, ∥ · ∥) ≤ M(δ;K, ∥ · ∥) ≤

Vol(K + δ
2B)

Vol( δ2B)
=

Vol( 2δK +B)

Vol(B)

Proof. Lower bound: Let N = N(δ;K, ∥ · ∥). Consider a δ-covering {θ1, θ2, . . . , θN},

K ⊂
N⋃︂
i=1

B(θi, δ).

Vol(K) ≤ Vol
(︂ N⋃︂

i=1

B(θi, δ)
)︂
≤

N∑︂
i=1

Vol
(︁
B(θi, δ)

)︁
= N ·Vol

(︁
B(0, δ)

)︁
= N · δd Vol(B)

∴
(︂1
δ

)︂dVol(K)

Vol(B)
≤ N □

Upper bound: Let M = M(δ;K, ∥ · ∥). Consider {θ1, θ2, . . . , θM} to be δ-packing. By the remark (mentioned
above) the closed balls B(θi, δ/2) are disjoint.

M⋃︂
i=1

B(θi, δ/2) ⊂ K + δ
2B =

⋃︂
θ∈K

B(θ, δ/2)

Vol
(︂ M⋃︂

i=1

B(θi, δ/2)
)︂
≤ Vol

(︁
K + δ

2B
)︁

⇒
M∑︂
i=1

Vol
(︁
B(θi, δ/2)

)︁
≤ Vol

(︁
K + δ

2B
)︁

⇒ M Vol
(︁
δ
2B

)︁
≤ Vol

(︁
K + δ

2B
)︁

∴ M ≤
Vol(K + δ

2B)

Vol( δ2B)
= ���

(δ/2)d Vol( 2δK +B)

���
(δ/2)d Vol(B)

=
Vol( 2δK +B)

Vol(B)
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Remark. If B ⊂ K, Vol( 2δK +B) ≤ Vol( 2δK +K) = Vol
(︁
( 2δ + 1)K

)︁
= ( 2δ + 1)d Vol(K)

(︂1
δ

)︂d Vol(K)

Vol(B)
≤ N(δ;K, ∥ · ∥) ≤ M(δ;K, ∥ · ∥) ≤

(︂2
δ
+ 1

)︂d Vol(K)

Vol(B)
.

behaves lik δ−d when δ ↓ 0 since
Vol(K)

Vol(B)
does not depends on δ.

Remark. If K = B (︂1
δ

)︂d

≤ N(δ;B, ∥ · ∥) ≤ M(δ;B, ∥ · ∥) ≤
(︂2
δ
+ 1

)︂d

Example. (︂1
δ

)︂d

≤ N
(︁
δ, Bd

∞(1)⏞ ⏟⏟ ⏞
ℓ∞-unit ball

, ∥ · ∥∞
)︁
≤

(︂2
δ
+ 1

)︂d

(︂1
δ

)︂
≤ N

(︁
δ, Bd

2 (1)⏞ ⏟⏟ ⏞
ℓ2-unit ball

, ∥ · ∥2
)︁
≤

(︂2
δ
+ 1

)︂d

Recall: d = 1,
−1 1

N(δ, [−1, 1], | · |) ≤
⌈︂2
δ

⌉︂
≤ 2

δ
+ 1

5.2 Gaussian and Rademacher Complexity

T {Xθ | θ ∈ T}
study random process (Sec 5.3, 5.4, . . . )

use random process to study T . (Sec: 5.2)

Recall: Let T ⊂ Rd.

Definition (Rademacher process and Rademacher complexity). Let ε = (ε1, . . . , εd), where εi are iid
Rademacher r.v., i.e., P(εi = 1) = P(εi = −1) = 1/2. For each θ ∈ T , define

Rθ := ⟨ε, θ⟩ =
d∑︂

i=1

εiθi.

The collection {Rθ | θ ∈ T} is a random process indexed by T , called the Rademacher process. The
Rademacher complexity of T is

R(T ) := E
[︂
sup
θ∈T

Rθ

]︂
= E

[︂
sup
θ∈T

⟨θ, ε⟩
]︂
.

Definition (Canonical Gaussian process and Gaussian complexity). Let w = (w1, . . . , wd), where wi are iid
N(0, 1). For each θ ∈ T , define

Gθ := ⟨w, θ⟩ =
d∑︂

i=1

wiθi.
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The collection {Gθ | θ ∈ T} is called the canonical Gaussian process indexed by T . The Gaussian complexity
of T is

G(T ) := E
[︂
sup
θ∈T

Gθ

]︂
.

Homework:
R(T ) ≤

√︁
π/2G(T )

Example. Bd
2 (1)

R(Bd
2 ) = E

[︂
sup
θ∈Bd

2

⟨θ, ε⟩
]︂
= E

[︁
∥ε∥2

]︁
= E

[︂√︂∑︁d
i=1 ε

2
i

]︂
=

√
d.
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