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Gaussian and Rademacher Complexity and Sub-Gaussian Processes
Lecturer: Yun Wei Scribe: Hyeonduk Sim and Mengfan Fu

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

1 Introduction

These notes cover packing numbers, Rademacher and Gaussian complexities, sub-Gaussian processes, and
Dudley’s entropy integral bound. The final application is to uniform deviations of empirical measures. The
notes follow Sections 5.1-5.3 of [1].

2 Packing Numbers

Definition 2.1 (J-packing number). Let (T, p) be a metric space. A set {#',...,0M} C T is a -packing if
p(0",09) > ¢ for all 7 # j.

The §-packing number M (5;T), p) is the cardinality of the largest d-packing.

Let N(§;T, p) denote the covering number, the smallest number of closed p-balls of radius § with centers
in T needed to cover T. Packing and covering numbers satisfy

M(26;T,p) < N(6;T,p) < M(5;T, p). (1)

3 Canonical Rademacher and Gaussian Processes

Let € = (g1, ...,&4) have independent Rademacher coordinates, each taking —1 and 1 with equal probability.
Let w ~ N(0,1;). For T C R%, define

Ry = <€,9>, Gy = (w,9>7 0eT.

The collections {Ry : 0 € T} and {Gy : 0 € T'} are the canonical Rademacher and Gaussian processes. Their

expected suprema are

R(T) = Esup Ry, G(T) = Esup Gy. (2)
0eT 0eT

Example 3.1 (Example: the £, unit ball). Let B = {6 € R? : |||l < 1}. Using the duality of the
Fuclidean norm,
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R(BS) =E sup (=.0) = Elle|. =E(} <)~ = Va (3)
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GBY) = E sup (w,0) = Bllul < (BJw]})"* = (Y mu?) = Vi (4)
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On the other hand,
E|wllz > Vd (1 - o(1)),



which is left as an exercise (hint: use the concentration of the sub-exponential variables w? — 1; see Chapter

2). Hence
G(B3)
Vd

=1-o0(1).

In two dimensions, B? is the Euclidean disk.

2

B3 ={(61,02) : 07 + 63 < 1}.

Example 3.2 (Example: the ¢; unit ball). Let B = {§ ¢ R?: |||, < 1}.
Recall. For any norm || - || and its dual norm || - ||,

sup (y,0) = |||+
lofi<1

In particular, the dual norm of ¢; is £,. Consequently,

R(BY) =E sup (¢,0) = El|e]oo = E max |e;| =1,

0eB¢
G(Bld) = ]E(Jsu&(w7 0) = E||w|leo = E1I2?<Xd |w;].
€Bg¢ S

The Gaussian maximal inequality from Homework 1 gives

G(B{) < /2log(2d) = \/2logd (1 +0(1))  (d — o).

In two dimensions, B? is the diamond {(61,62) : |01 + |62] < 1}.
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Bf = {(61,02) : |61 + |62 < 1}.

Remark 3.3. Homework 5 will ask for the complexity of ¢y-balls, where ||0||o counts nonzero coordinates.



4 Metric Entropy and Sub-Gaussian Processes

Definition 4.1 (Sub-Gaussian process). A collection of mean-zero random variables {Xy : 0 € T} is a
sub-Gaussian process with respect to px if

Eexp(A(Xg — Xj)) < exp<)\2p‘2x2w’0)> (8)

for all 0, 6 €T and X €R. Equivalently, each increment Xy — X5 is sub-Gaussian with parameter px (0, 5)

Example 4.2 (Canonical Gaussian process). For Gy = (w, ),
Go — G = (0,0 — ) ~ N (0,]}6 — 9]} .
In particular,

2119 — 9|12
Eexp(A(Go — Gz)) = exp <A||029||2> _

Thus the canonical Gaussian process is sub-Gaussian with respect to px (6,8) = [|6 — ]».

Example 4.3 (Canonical Rademacher process). For Ry = (¢, 6),

Ry — Ry=(e,0— 6) Z’fz i — 0;).

Recall:
e &; is 1-sub-Gaussian;
e hence ¢;(0; — 671) is |6; — §i|—sub—Gaussian;

e sinceeq,...,&q are independent, E?Zl €i(0; —51) is sub-Gaussian with parameter ( Ele(& —@)2)1/2 —
16— 0]l

Hence {Ry : 0 € T} is sub-Gaussian with respect to px (6,6) = ||6 — 6.
Our target is to bound Esupger Xo.

Lemma 4.4. Let {Xy:0 € T} be a zero-mean random process. Then

Esup Xy <E sup (Xo — Xp). (9)
0T 9,0eT

Proof. Fix 6y € T. By the mean-zero assumption,

]Esup Xg = ESup(Xg — Xgo) < E sup (X9 — Xg)
0T 0T 0.0eT



4.1 Dudley’s entropy integral

Let D = sup, g p px (0, 5) denote the diameter of T. The Dudley entropy integral is

D
J(d;D):/(S Vieg N(u; T, px ) du. (10)

The term log N (u; T, px) is the metric entropy.

Theorem 4.5 (Dudley’s entropy integral bound). Let {Xp : 0 € T} be a zero-mean sub-Gaussian process
with respect to px. Then

E

sup (Xg — Xg)] < 32J(0; D). (11)
0,0eT

Proof: next class.

5 Application: the Classical Glivenko—Cantelli Theorem

Let X1,...,X, be independent with common distribution P, and let F be a class of functions. Define

1 n
==Y 6x,, |IP.—P|r=sup
n feF

DI Ep[f<x>]| .

i=1
Recall the symmetrization inequality:
E||P, — Pll7 < 2R, (F) = 2Ex R(F(XT)/n), (12)

where F(z1) = {(f(z1),..., f(zn)) : f € F} and

R(F(a})/n) = E. sup

Z Ezf -Tz

Fix 27 = (x1,...,2,) and consider

Zz—:l (2) = (& = (@)oo flan)) ) (13)

=:0(f)

By Example 4.3, {Z; : f € F} is a sub-Gaussian process with respect to

px(£:9) = 100F) = 092 = || & (F(@1), -, f(2n) = (g(@), . glan))

)
2

where 0(g) = ﬁ(g(ml), ..., 9(xy)) for g € F. In terms of f and g,

n 1/2
px(f,9) = % (Z(f(xi) - g(ff:i))2> =|f—gllp. (14)
i=1
By Lemma 4.4 and Theorem 4.5,

E.sup Z;y <E. sup (Zy — Z,)
fer f,9€F

<32 / Vo N(w F.T - Tlm) da. (15)
0
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